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Lecture - 21
Okay, so let us continue the discussion on partial differential equation. We have started
just discussing about the PDEs and we have looked at the classification and then in the

last session, we have looked at the 1D wave equation.
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So now we are going to look at the first order PDE. So essentially how to solve that
first order PDEs. Now in so the characteristics curve of this kind of PDE would look
like
Jdu Jdu
a(x,y,u) P + b(x,y,u) @ =c(x,y,u)

So, this is the and here a, b and c these are all C* function of three variable x, vy, z,
where x y lies in an open region. So, x, y belongs to R? in which coefficient function

a, b and c depend only on x, y.

So let us say if this guy a, b, ¢ they become function of x and y which belongs to R then

this particular ODE will bring down to

ou ou
a@d’)a"‘b(x,}’)@: C(x'}’)
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for all x, y which belongs to R. So first we define the concept of characteristics curve
for this PDE what we have written here and then the discussion would be similar to the

second order equation.

So let us say suppose we try to solve this PDE here and to an initial condition and they
are given like

u(x(8),y(®) = f(v)
where t belongs to I. Now so f is a known smooth function defined on | interval. So
here the idea is that the given information, we can use that information together with

the PDE to obtain the values of the derivative like u, and u,, on gamma.

So now we have already defined these a, b, ¢ functions, since we are assuming this a,
b, ¢ and the initial data f, these are all C infinity function. So, then what we can write
that

XUy + YUy, = f

auy + bu, =c

So, if you put it that into a matrix form, so
X Y\ (Ux\ _ f)
(a b) (uy) B (c

So, the determinant of this matrix would be
bx—ay =0
to get the characteristics curve, for characteristics curve. Now so if you see this guy

here, so these are ODEs here, which is equivalent to writing like

dx _

i a(x,y)
and

dy

—=b(xy)

So, these are sort of a system of ODE that you can think about from here.
The system ODE is defined the characteristics curve for the first order linear PDE. So,

these are going to define the system.
(Refer Slide Time: 05:20)
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Now also we have the initial condition like

(X(to)»Y(to)) = (X0, Y0)
So, the characteristics curve always can be found out from this. Now what we do? Let
us say suppose we have computed the characteristics curve for this PDE that is given
here and according to the system of this ODE system of ODEs which is represented by

this set of curves.

Now what we can do we can write down the chain rule and expand this like

du dx oOJu dy

d
7 ),y 0] = 5 at ey @

So now what we get? So, using the definition of characteristics curve this we can write

d _ Ju b Ju
a [u(x,t),y(x,t)]—a(x,y)a-l- (x'y)a_c(x'y)

along the characteristics curve. Now this suggests a way to construct a solution for the

initial value problem.

So, and this is known as method of characteristics curve, okay. So, this is how using
method of characteristics you can solve. For example, let us say you want to solve an
initial value problem where

a(x,y)u, + b(x, y)u, = c(x,y)

inRandu = f. Thengamma I isa curve in R. That is not a characteristic curve.

221



The method of characteristic curve consists of first finding the characteristics curve of
the PDE given here by solving the system of ODEs that we get here. So essentially,
when you have a first order PDE with initial value problem, we can bring down to the
system of ODEs and then that would form the characteristics curve. So, what we can
see and quick let us say an example.

(Refer Slide Time: 08:46)
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Let us say numerical example, we can find the general solution of
au du

ax yay 2u
for x and y which belongs to R?. So, the equations of characteristics curves are
dx
e
and
dy
dar y
So, using chain rule, what we obtain that
dy _y
dx x

for x # 0. So, this can be solved by separation of variables. So let us say
y =&
and where psi € is a real parameter.

The characteristic curve for the PDE is a pencil of straight lines through the origin in

R2. So, along the characteristics curve of the given PDE here you solve the ODE like
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du
dt
So now we combine this ODE with the first order ODE given here. So, these two if we

2u

combine then what we get that
du 2u
dx  x
for x # 0. So now this one if we solve, we get
u = F(§)x?
So, F is an arbitrary function or arbitrary C* function and € is already given. So, solving

for € if we solve for & from here and substitute here what we will,
_w(Y).2
u(x,y) =F (x)x
for x # 0. So, this is the general solution of this particular PDE.

(Refer Slide Time: 11:18)
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Now we move to the, we can use using symmetry to solve PDEs. So partial differential
equation is said to be invariant under a group of transformation and it form does not
change after changing variables according to the transformation in the group. So, we

will look at the first kind of example of radially symmetric solution to Laplace equation.

So, suppose that u is an C? function C? solution to Laplace equation of

Uy + Uy, =0
in R2. So, we consider that what happens to this particular equation when we change a
new variable to € and . So, like given by one parametric group of rotation the matrix

IS given
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__(cosp —sing
M"’_(sind) cosd))

So, this is a sort of a rotation matrix. So, the rotations are counterclockwise by angle ¢.

So, what we set

()= )

where we get
E=xcosd—ysind
n = xsing + ycosd
So now this particular equation, this can be now solved for x and y in terms of ¢ and n

by inverting the matrix or we can write

-1 _ _(cosdp sing
My 1_M“"_(—sinq) coscb)

So that what we get
x=¢&cosd +nsind
y=—=Esinp +ncosod
Now we think of u as a function of ¢ and n by looking at this and which we will denote
by let us say,
v(§,n) =u(xy)
Now we can apply chain rule. So, what we get

13 an
ux=v5 a‘l‘l?n &

And

So, what we get
Uy =cosdpvg + sindy,

(Refer Slide Time: 14:49)
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So similarly, we can calculate and we get
Uy = —sindpvg + cosp v,
So now we differentiate both side of this equation and what we get

4 oy | 4 dan
Uyy = COS O [vff E + vgy §] + sin ¢ [vnf E + vy E

So, this will get us. So also, the mix second partial derivatives are C? functions.

So, this will give us
Uyy = €0S* G Vg + 2 sin cos  vg, + sin® vy,
Now similarly we can take the partial derivative of this guy. And what do we get,
Uyy = sin® G vgs — 2sin d cos G vg, + cos® G vy,
Now if we add these two guys together so what we get
Uyx + uyy = Uff + ‘l],m
So hence if you solve the Laplace equations here the original Laplace equation
Uyx +Uyy =0
then
Veg + Uy =0
which has the same form same form as Laplace equation. And is invariant under

rotation, okay.

So, this suggests that we look for solution of the original Laplace equation

Uyy + Uy, =0
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that functions of a combination of the independent variable that is independent of the
rotation parameter p. So, to obtain such combination we can write like

£2 492 =x2 492
So, the rotation parameter that is they are rotationally invariant. So, we therefore look

for a solution of the Laplace equation in a form like

u(x,y) = f (Va2 +?)

for x and y belongs to R? where f is a C2 function of a single variable. And this particular
solution is radially, so this is radially symmetric, okay.
(Refer Slide Time: 18:59)
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So now we can look at a quick example of that. Like let us say we have a problem,
Dirichlet problem on annulus. So, we have some positive numbers r; and r, where
1 < 1,.50, we define R which is x and y belongs to R2 where r, < \/x2 + y2 <r,.
So, if G, is the radius of the circle, the center at the origin. So, C, is the circle of radius

r.

Then we want to solve this boundary value problem of
Uy + Uy, =0
inRwhereu =aonC,,u=>bonC,Cr2; a,bare real constant. So how we go about
it? We can have a solution in this form
u(x,y) = ¢ ln\/ﬁy2 + G,
for x, y belongs to R. So, C; and C, some constant. So, the boundary conditions imply
that
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CllnT'1+C2 =a
CllrlT'2+C2 :b

So, solving this what we get;

So, once we substitute these values so our solution would be in the form of

b—a alnr, — b Inr

u(x,y) = 7 In/x2 +y%+ 21 7 -
n—= n—=
L] L]

where x and y belongs to R. So, this is the solution for the problem given here, the
boundary value problem, okay.
(Refer Slide Time: 21:40)
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So now look at the second like the dilation invariant solution, dilation invariant solution

to Laplace equation. So, like so you can define the so you can see the change of variable

like
)= )G
(n ~\0 B (y)
So, for nonzero coefficients of a, f which are nonzero the two dimensional Laplace
equation is given as

Uyy + Uy, =0

in R2. So, the change of variable where,
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& =ax

n= By
So,

_$
X =—
a
y=z
B

So, we set

v n) =ulxy)
So then again, we can write like we can take the derivative and we can write that

Uy = aVg
uy, = vy,
and
— 2
Uyy = & vgg
U,y = B2V
vy nm
So,

Uyy + Uyy = A?Vgr + BP0y = 0
If you solve the Laplace equation this then we also solve this. So now that also is in R?
and invariant under the scaling transformation provided a? = B2 with therefore set a =
B = A. So,

()=26)

And
_ (A 0
Dn= (0 )\)
So, what we get that
& =X
n= Ay

(Refer Slide Time: 24:07)
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If a combination of this variable is independent of the dilation parameter lambda, this

is a dilation parameter lambda, then we get

n_Yy
& x
for x # 0. So, this suggests that we look for a solution to the Laplace equation in R? of
the form
(Y
u(y) = (%)
for x # 0. So let us set
y
s==
X
for x # 0. So, we get
ulx,y) = f(s)

and where s is given like %

Now we look for the solution to the Laplace equation in terms of this

ux,y) = f(s)

So, what we get
, ds
=f (s) a
which would be
() s _ 1 ,
=f'(s) 5= === sf(s)

Similarly, we can get
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2s st
Uyx =x_2 f (S)+x_2 f (s)
for x # 0. Now similarly we get for
1 !
uy == f(s)
and
1 14}
Uyy = x_z f7(s)

So, this would give us

2s 1+s%
Ff(s)'l' f"(s)=0

Now if you solve the Laplace equation, this equals to 0 in R?, then f also follows this

x2

equation and this should be then 0. So, which one can write
A+s2)f"(s)+2sf'(s)=0
So, this is an ODE, second order ODE and we can solve this by setting that

v(s) = f'(s)
(Refer Slide Time: 26:34)
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So, we get
dv
(1+s>)— +25sv=0
ds

So, which gives us a solution

In|v| = ln(1 +52> + C,

So that is a constant. So, our
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Cy
v(s) = 1+ s2

for s belongs to R. So,

I Cl
f() :1+Sz

So, we can integrate this to get a solution for
f(s) = Citan"1(s) + C,

Now all these things if we couple then the solution of the Laplace equation would be

u(x,y) = C;tan™1(s) + C,
for x # 0. So, C; and C, are constant. So, this is this shows that the dilation invariant
harmonic function in R? is linear function of angle theta. The point x and y mix with
the positive axis so which is essentially like

u=:0C0+C¢C,

This is what you can see. Now similarly, one can find out the dilation invariant
solution.
(Refer Slide Time: 28:09)
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Dilation invariant solution of diffusion equation. So, the diffusion equation is given by
ou b 0%u
ot~ 0Ox?

for x belongs to R, t greater than 0 where D is also greater than zero which is a diffusive

coefficient. So now we can find the conditions for parameter « and £ such that
E=ax

and we can say

T=ft
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and alpha beta not equals to 0.

So, what we can write that

v(¢, 1) = u(x,t)

So,
¢
x —_ —_—
a
and
¢ = T
B
So, what we can get that we can take the derivative and we get
Uy = avg
and
ur = Pg
And

Uyy = APV
And so, what we can write
Uy — DUy, = Bv — Da’vg
So, if u solves this diffusion equation, then we solve this equation, so this would be 0.
So here so this diffusion equation given here or this one invariant under the change of
variable provided. So, this is invariant under the change of variable provided g = a?2.

So now what we have that following this we have

So that means

for t greater than O and t greater than 0.
(Refer Slide Time: 30:41)
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So, in order to find the dilation invariant solution of this one diffusion equation, our

solution we look for a solution would be

X
ulx,t) =f <ﬁ>
where t greater than 0 and f is a C2 function of single variable, so
X
R
for t greater than 0. So,
u(x,t) = f(s)
Now what we can take derivative like previously we have done on both sides. We get
., . 0s 1
e =) g; = =)
for t greater than 0. And
1
Uy = ?f"(s)
And so, and
,. . 0s
u; = f'(s) ot
Where,
ds s
ot 2t
where t greater than 0. So, this would become
Uy = _%f’(s)

So now if we put back everything together then we get
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S D
— 5 f1(8) == f"(s)
for all t greater than 0. So, this will bring down to a second order again ODE like this.
(Refer Slide Time: 32:12)
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And when we do the solution of this system, so finally we get

52
1 ——+C
n|v| 4D + 0
C, is constant. Now exponentiate both sides, what we get is that

52

v(s) = C,e 4D

for s belongs to R and

SZ
f'(s) = Cie™4D
So, our

52

S
f(s) = C1J e 4Ddz + C,
0

for s belongs to R. So, where C;, C, are constant.

Now so final solution if we put everything together back this would be

X
X
u(x,y) =C; fﬁe_ﬁ dz + C,
0

for x belongs to R, t greater than 0. And C; and C, are constant. So, this is what you get
as a dilation invariant solution. So, we stop the discussion here and continue to look at
the other things in the next session.

234



