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Lecture - 36
Numerical Analysis
So, we have looked at the numerical differential procedure now how to get the differentiation.
Now we will look at the numerical integration and this is what we come across different
function where we need to integrate within some interval and how we can do that numerically
that is what we are going to now discuss.
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So let us start with the numerical integration part. So, let us say we have an integral, which is
let us say function within that

b
1=j w(x)f (x)dx

so, this is what we have to integrate. So, now this is what we have to get numerically. Now, by

the finite linear combination of the values f (x), this can be written as like this

b n
[ weored =y afe)
a k=0

So, where x;, and k goes from 0 to n is called the abscissa or nodes which are distributed within
the limit of integration between a and b.
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And A, would be where k goes from 1 to n, which is called the weights. So, this is called
abscissa and this is called the weight. The integration method of the quadrature rule where the

w(x) > 0 this is called the weights function. So, the error of the integration is given us that

b n
Ry = f W) f (x)dx - ;Ak £ (o)

An integration method of this is said to be order p, if it produces exact result, where R,, = 0.
So, this is what we are going to get now, for a method of order m. Now, let us say we take an

order m that is the method. So, in that case, what we get

b . Z .
fa w(x)x dx—RZAkf(xk )=0

=0
for i goes from 0 to m. Now, here the weights are A, and the abscissas are x;. And so, error
would be
_ C
(m+ 1)!
where a < ¢ < b and C is nothing but

Ry fmE)

b n
C= f w(x)x™tdx — Z A f g™
a k=0

So, this is what you get for a method with the order of m, you get this kind of error and the
integration values.
(Refer Slide Time: 03:49)
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Now, the one first we are going to look at is the Newton cotes integration method. So, these

are different ways one can do that Newton cotes integration method. So, now, in this case here
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w(x) = 1 and the nodes x;,’s are uniformly distributed between a and b. So, x, = a and x,, =
b and the spacing is h = b;—a. Since the nodes all these x;,'s can be represented as

X = Xo + kh

where k goes from 0 to n.

This method is called the Newton cotes integration method, where we can determine the
weights of that A case. Now, there are 2 types one could be close type. So, let us look at the
close type and in the closed type what happens that n = 1 for n = 1 we get the trapezoidal rule

which says
b h
| Feodx =3 1@+ ro
a
and where h = b — a and the error term

h3
Ry = —Ef”(s;)

where a < & < b.

Now, similarly, you can have different order of n so, this is how for n = 2 you get it. Now, for
example, you can also do it for n = 2 like if it is n = 2 then what you get like this
b h a+b
| reodx=51r@ +af (S52) + o
a

and

C 2
Ry = f"(©)

wherea<§”<bandh=b2;a.

(Refer Slide Time: 06:33)
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So, now the error term is given so, in this case the C would be

b b— +b
C=j x3dx—( a)la3+4(a—)
. 2 2

3

+b3l=0

So, we can see we can find out and finally, we get that

(b_a)S " _ h5 e
~as0 (f)——%f )

where a < & < b. Now, similarly, you can get for different order n like n could be 3, 4, 5 like

R2:

that and you can get all these different terms.
(Refer Slide Time: 07:22)
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Like you can see here this is for weights for Newton cotes integration rule. So, what you get
here is that different weights and for different order of accuracy of the method. So, there could

be another option will be the open type method. Now, in open type method, your integral is
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I = fabf(x)dx = :Z:/lkf(xk)

So, here x, = a and x,, = b which are these are the 2 points which are actually excluded.

So, for example, for n = 2 you get this integral
b
f f(x)dx = 2hf(a + b)
a

Where, h = b%a and the error would be

h3
R R )
1= f©
Similarly, for I mean so, that means, h is in generally it is h = b%a. And we can devise n = 3

where
3h
I = 7[f(a+h) + f(a + 2h)]

And

3 3o
Ry = 2h3f"(§)
Similarly, n 4 or n 5 you can get where a < ¢ < b. So, no matter what is the order of these

things, you can always find out in those.
(Refer Slide Time: 09:11)
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Now, we go to Gaussian integration methods. So, these are slightly different ways one can do
a when both the nodes and the weights in the integration methods are to determine these are
called the Gaussian integration method. So, in this case, like let us say f(x) you have a

polynomial of degree less than or equals to, so, degree is less than equals to (2n + 1). Then
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q»(x) with a lag range interpolating polynomial of degree which is less than equals to n then

what we can write that

4n(0) = ) L) f ()
k=0

Where

m(x)
(x — )7’ (%)
so, the polynomial |f(x) — g,,(x)| has 0 at x,, x; and x,, hence, we can write that

f) = gn(x) = Ppys )1(x)
and r, (x) is a polynomial of almost a degree almost n and
Ppis(x) =0

for i 0 to n. Now, when you integrate this what do we get

L (x) =

b b
f W () — gn(0]dx = f W) Pry1 (1)1 (X)dx

or we can write

b b b
f W) f (x)dx = f w(x)gn(x)dx + f W) Prg1 (07 (X)dx

So, this is what we can write the second integral this term here is 0 if P,,,(x) is an orthogonal
polynomial. So, if this is orthogonal so, this goes to 0 and so, this is orthogonal means this is
orthogonal with respect to the weight function w then this goes to essentially 0.

(Refer Slide Time: 12:22)
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So, then what we have is that
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b b n
| weoredr = | weamGade = Ao
a a k=0
Where

b
Ak =f w(x) 1, (x)dx

So, now, what you can have been that you can see how we can write all these things. Now, we
can say some Gauss Legendre integration method. So, in this case, we will consider the

integration rule

fVMM=i@ﬂm
-1 k=0

now, the nodes x case are 0 for Legendre polynomials.

So, here x;’s are 0 so, the polynomial we have is

1 dn+1
2+ (n 4+ 1) dxn*?
The first few Legendre polynomials which are kind of given which is

3x2 -1 5x3—3
R P

and so on. So, the Legendre polynomials are orthogonal with respect to the weight function

[(xz _ 1)n+1]

Pr(x) =

Py(x) = 0,P;(x) = x,P,(x) =

w(x) = 1. Now, the methods which we say it here are called the gauss Legendre integration
method.
(Refer Slide Time: 14:41)
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And we can get, for example, let us say we can write for n = 1 we get this is
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['rcas= () )

for similarly, n = 2, we get

f_lf(x)dx = %le <—§> + 8f(0) + 5f <§>l

like this and there are also error terms which are associated with that for n = 1 the error would
be

1
— AT
error 135f €9)
where —1 < & < 1 this case the error would be
1
— (6)
error 15750f €3]

where —1 < & < 1.
(Refer Slide Time: 15:50)
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So, the nodes and the corresponding weight of this particular method which you can see it here.
So, this is for different n 1, 2, 3, 4, 5 and like that and these are the weights what you find out
and these are the nodes. So, this is what you can get for Gauss Legendre.

(Refer Slide Time: 16:07)
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Now, there is another one which is also known as a Lobatto integration method. So, these are
different methods which one can apply for doing the numerical integration and this case also

weight can write the function

1 n-1
[ reoar =201+ Y 2 ) + Auf 1)
-1 k=1

So, this is called Lobatto integration these things in this case also weight function w(x) = 1
and there are 2 endpoints, which is - 1 and 1 these are taken as nodes and then rest of the nodes

which can be integrated like this.

So, for example, if n = 2, then we obtain a method like
1
1
| reax =31re0 +4£© + r)
-1
where error would be

1
= f@®
Error = 90f4 €3]

where -1 <& <1
(Refer Slide Time: 17:27)
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ol
nodes , weights &, LQL)‘MQ Iy\'l-‘)
+ 1.00000000 0.33333333 -

0.00000000 1.33333333
3 + 1.00000000 0.16666667
+ 0.44721360 0.83333333
K £ 1.00000000 0.10000000
+ 0.65465367 054444444
0.00000000 0.71111111
5 £ 1.00000000 0.06666667
+ 0.76505532 0.37847496
+ 0.28523152 0.55485837
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So, similarly, you can see these are the things for this is for Lobatto integration nodes and the
weights in that integration. So, this is what you get for different nodes and integration points
where you can have like.

(Refer Slide Time: 17:54)
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Now, similarly, you may have like Radau integration method these are different methods where

the different weights are used. And one can always check where again this was again the

| reods = 2or -1+ Y 20 r o
-1 k=1

this is how it is written here the weight function is 1 and the lower limit that a = - 1 taken as a
node, the remaining end nodes are determined. So, this is called Radau here, if it isn =1, then

this guy becomes

[ zf(x)dx =2 fD 21 (3)
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and where error could be
E _ 2 nr
rror = 27f €3

where —1 < & < 1.
(Refer Slide Time: 18:55)
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So, these are the different. So, one can see what happens to n = 2 that this is written as

16 + /6 V6 16—-+v6 (1++6
(7)o ()

[ e =2pn+ 2L —2r (=

and here the error will be

E— )
Error 1125f &

So, similarly, n could be 4 or 5 or 3 whatever it is and you can find out all the different weight
functions for this kind of system.
(Refer Slide Time: 19:48)
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Now, there one can also look at I mean that we one can look at the textbook that Gauss
Chebyshev. So, that is also one of the integration methods that one can look at but we can look
at slightly another one to this you can check in textbook these are also another way of doing
that, we look at Gauss Laguerre integration method. So, this is slightly different here, we

consider the integral let us say

| Tt f(x)dx = Z A f )
0 k=0

here the weight function is given as e™*, which is the weight function, and x,,’s are the 0 for

polynomial, which is

n+1
Lnsa(®) = (D" 1e¥ o [e a1
sum of the term like Ly(x) = 1,L;(x) = x71, L,(x) = x? — 4x + 2 and so on. Now, this is
Laguerre polynomial is orthogonal on so this is orthogonal on (0, o) with respect to the weight
function e ™*.
(Refer Slide Time: 21:31)
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So, the integration method for let us say, for n = 1 what we can write that

- 2+2 2 -2
f e *f(x)dx = Tf(z —V2) + —f2+ V2)
0
and the error which is associated with that this would be
1
Error = gf(“)(f)

where —1 < & < 1.
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So, you can see for different n what could be the nodes and what do you even get that like
different weight function for that kind of things.
(Refer Slide Time: 22:23)
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So, now, another is which we can quickly look is that Gauss Hermite integration. So, in that

case, the function is integrated between
0 n
| e redx = Aefoa)
- k=1
where the weight function here e~*" and the x; are the nodes or the roots of the Hermite

polynomial and which is given as

n+1

Hn+1(x) = (_1)n+1e_x2 dxnt1 [e—xz]

Some of the terms like Hy(x) = 1, H,;(x) = 2x, H,(x) = 2(2x?> — 1) and so on. So, the
Hermite polynomial is orthogonal to this weight function in between in the domain minus
infinity to plus infinity. So, the Gauss Hermite integration method can be obtained like that.
(Refer Slide Time: 23:41)

423



Numerical Analysis

nodes x, weights A,
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v = o=
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So, these are also the nodes for that, and for let us say n = 1. We can say

[ =l (-5)+r ()

— 00

where the error which is associated with that is

Error = 4—\/§f(4)(f)

so, that is how you get it. And similarly, for n = 2, one can write like this as shown on the
screen and these are the different integration rule.
(Refer Slide Time: 25:13)
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So, now, we can see one quicker thing which is called composite integration method. So, which
is like that to avoid the use of higher order methods and still obtain accurate result. We can use

composite integration methods. So, let us say we divide the interval [a, b] or [—1,1],into
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number of sub interval and evaluate the integral in each sub interval. So, for example, we can

have similarly composite trapezoidal method.

So, that means, the whole interval between (a, b) are divided into multiple intervals and every

interval you get the rule. So, for example, (a, b) which is divided by N sub interval. So, we get
the sub intervals are (x;_1, x;) which are i goes to 1 to n and h would be h = b%awhere Xo=a

Xy = b and x; = x, + ih, i from 1 to n - 1. So, what we can get is that

fabf(x)dx = J;:f(x)dx + J:zf(x)dx + -+ fo f(x)dx

XN-1

So, evaluating each integral and using the trapezoidal rule and this side will give you

h
= E[fo +2(fi+ o+ +f’1v-1) + fn]
(Refer Slide Time: 27:06)
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So, this is what you get and the error which would be associated with that

h3
error = _ﬁ[f”(fﬂ + (&) + -+ f(EN)]

where x;_; < & < x;. So, this is what you get and similarly, you can have composite Simpson's
rule. So, this case also so we can have similarly the composite Simpson’s rule and where we

can get this integration done.
So, you see that when you have this whole thing just instead of going for, | mean there are

different order methods. And you can see instead of going for higher order methods, you can
divide into multiple sub interval like this and get the integration done. So, we will stop here
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and this composite Simpson rule and another small portion like double integration we will look

at in the next session before continuing with the other discussion.
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