Space Flight Mechanics
Prof. Manoranjan Sinha
Department of Aerospace Engineering
Indian Institute of Technology-Kharagpur

Lecture-58
General Orbit Perturbation Theory (Contd.)

Okay, we have looked into the gentle perturbation theory and evaluated the Lagrange bracket and
then we got the Lagrange planetary equation. So, in that case, the perturbing potential was given
which we have written as r. Now, we consider the case where instead of perturbing potential which
is a perturbing force is given. So, this will be much more generalized because, if you have the drag
and other cases, you have the potential is not available. So, in that case you can utilize this equation.
(Refer Slide Time: 00:47)
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So, let us start with and so whatever the green one is shown here with green line, this is our orbit,
projection of this orbit is shown by dotted line in the x y plane, x y z is the initial print, which we
are using and as you remember that we have written the orbit in terms of r we have written in terms
of ¢ P and nQ. So, this way we were just working with 2 terms ¢ and 7, so, in the plane of the orbit.
F=tP+nQ
Now, if we consider the vectors @i, g and iy,
Here, @i, X 1ig = 1y
These are the unit vectors, ti, and @, they are the usual definition and they lie in the plane of the

orbit r direction and this is r direction and perpendicular to this, this is the 0 direction and here S



is the corresponding satellite. This is Q, w, now w will, what we are doing that once we describe

it in this way that see we are looking into the orbit here in this way.

So, along the periapsis we have the P and € is along this direction, 7 is along this direction and Q
is the unit vector along this direction. The same thing is appearing here. So, this point we can write
as here P maybe P we can write here. This is the periapsis position and then from here to here of
course, then this becomes theta. So, with all these informations the Lagrange planetary equation

we have written.

Now we want to express in terms of the force. So, what are those forces. So, this F we can write
as Fr times ,. component of the force along the ur direction, then Fy times #iy and then Fa times
1. There i, is perpendicular to the orbit which is shown here in this place. So, this is
perpendicular to the orbit. Now, we have to work out this particular one. So, F is this is the

perturbing force.

So, what we are interested in. So, objective is to reduce the Lagrange planetary equation in terms
of Fr, Fg and Fa. So, that implies that the terms like Z—i,g—}: we need to replace in terms of F, Fo and

Fa.

(Refer Slide Time: 06:39)
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So, instead of writing this as —VU — VR we are writing here in this way. So, F is the force acting
on the satellite or in the region even liberty for which we have written this equation. So, in the case

of aerodynamic drag or other non conservative forces we can use it okay, this we have done earlier

by expanding it you can immediately check that this quantity will be %.
]

So, this quantity then dR is nothing but your F. So, this comes with a minus sign F. %. This simply
J

implies that in the Lagrange from the planetary equation, wherever this term on the right hand side

% is appearing. So, this you need to replace in terms of - F, if this is a vector dot %. So, once you
] J

do this, so this will get converted in terms of F, Fg and Fa, this is what our objective is. Where R;
has been written as

_ n 1 FLF]
Ri =—-GXj-am [T—_ 3]

j#i

ij Tj
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From the orbital geometry, we can write the expression for 4., figand #i,. It is very easy. Say if |
use the rotation matrix if and again explaining all this thing say we do not have much time in this
course, because already what | used to cover in 45 lectures, we are reduced to 30 lectures. So, it is
so much more accomplished. What | will suggest that for if you want to use this matrix method
for transferring or finding out this .



And other things, we just go into the especially this satellite attitude control and dynamics course
on notes of the NPTEL. And look into that in the first few 10 lectures, all those things have been
explained. So, using this you can immediately get to this point. So, | will simply write all these
terms. So, what here we are trying to do that ,.. So, in this direction, you have to write in terms

of t here so j the unit vector and in this direction k.

So, in terms of this unit vectors, you have to describe the vector ,.. Then #ig and @iyand this is
easy which I am not doing to do here, you can do this as an exercise, what you are supposed to do
that convert this i to this ur vector and for this what you need to do, that you have to think of okay.
So, I will just give you some hints for doing this, say i is a vector whose component you required

along this direction okay.

So, | can write this i vector as i 0 0 and then this | need to convert into this P frame and in terms
of what we have written here that ur and sorry this ., tigand this 4, here it is 44. So, there are
many ways of doing this, you can take component along this direction, the first component of i
you can take along this direction okay, then this component can be broken along the ur direction.

So, from here to because they are not in the same plane, so we have to do sequentially, otherwise
the rotation matrix if you have to use. So, you have to first rotate about this z axis by Q and so on.
So, this concept is explained in that satellite attitude dynamics course. So, there you can go and
look into that. So, here | am writing the final result cosQ, cosu, here u equal to small omega +
theta.

So true anomaly plus argument of perigee, times i. So, you have vector here, which you can
represent us ¢ j, k and this vector then you are expressing as which is operated on by certain
rotations here. So, as you can see from here the Q is appearing, i is appearing for some of the
vectors you will require working with that. So, how those vectors see, how you can from i j k by
how many rotation you can reach to displace okay, this is the question.

U, = [cosQcosu —sin Qsinucosi]i+ [sinQcosu+ cosQsinucosilj+ [sinusinilk



So, for that you have to give all the proper rotations which will be indicated here and then on the
left hand side you will have the 1i,., tigand this 4, these are the 3 things we are looking for. So, for
that you require proper sequencing and other things. So, look into this concept. This will be very
useful for you for working out this current thing. It takes a little shorter time to work out this
concept cos £, sinu, cos.
g = —[cos Q sinu + sin Q cos u cos i]i + [sin Q sinu + cos Q cosu cos i |j
+ [cos u sin ilk

iy = [sin Q sin i]i — [cos Q cosi]j + [cos i]k

So, I will give you some hints about this, what exactly we have done here in this place, say this is
your x and y axis and then this is a Q and then you are going to draw the orbit in which plane in
that plane then you are measuring this w and 6 and which you have added together to get this u,
here you have the i. So, first you take the component of this along this nodal line, this is O and
here N.

So, this will be i cos Q and the 7 is located somewhere here. So, this is your #,- and the angle from
this place to this place, this is u, which is nothing but w + 6 and then you will be taking the
component of this vector along this direction. So, component of this then becomes

IType equation here.cos £ times cos u. So, this is the term which is appearing here.

Thereafter, because this i component you are taking here in this place. Now this can be broken
along one common component of i is here. So, another component will be perpendicular to this,
perpendicular to this O N and here on the opposite side, then as we have done in the orbit parameter
estimation problem, if you go on the opposite side, so here this will come as - i. So, here this will
be i sin Q.

So, here on this side it will come as - 7 sin () okay and thereafter then we need to. So, this is making
90° with this, okay see here with this line this is making this is 90°, okay this component we need
to take in the orbit. This is ur orbit and this is your i. So 7 then ur breaking along this direction and

breaking perpendicular to here it is appearing little more skewed.



So, 1 will make it a little better look better. This is the i and this is j and here this is k. So, this
angle is your capital omega. So, this i here, this will break along 2 directions, one along this nodal
line N and another perpendicular to this, which is, so this component we are writing as icos (1 and
here isin Q. And on this site this will be going somewhere here and this component will be - i

sin().

And thereafter this is cap okay, remember this is not the angle of inclination. Thereafter we need
to take a projection of this in the orbit okay. So, orbit is going up. So, here this orbit is then y; angle
okay. So, this angle is i, from here to here this angle is i, so, then we need to multiply it by cos i
okay. Now, look here in this place this orbit r is located here in this place okay. So, ur is here. So,

you have got this component already we have got here in this place.

Already we have written the component which is appearing, then this part is written here, this part
is here, this total angle is w + 0. So, if we subtract 90°, so this angle from this place to this place,
this angle will be w + 6 - 90°. So, you need to take then component of this along this direction

okay. So, if | take this component along the u r direction, so, this will be - 7 sin Q cos i.

And then cos w + 6 - 90 degree. So, that mix it — sin Q cos i and this becomes sin u is not it with
the same thing appearing here cos i sin Q. So, this way the component of i has been taken along
the ur direction. And the same way you can do for the j and then the k. So, this ur is completed the

same exercise you have to do for the 6 and for the A also.

So, this way you will be able to get this ur, us and ua component, because | have already done
numerous times in the orbit problem. So, | need not repeat the same thing again and again. But
better way of doing the same thing is using the matrix rotation. This is much simpler than doing it
this way what | am showing you here. But for that you need to know the rotation matrix, how it is
represented and other things which I have not done of course here in this course.

(Refer Slide Time: 22:49)
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We require terms like % the terms which is present here, where j will vary over 1 to 6 3 4 5 and
]

6. This corresponds to a, e, i not necessarily in the same sequence is w, Q, T or either o okay. So,
these are just 6 terms we have to get here in this place. So, this we need to work out. So, if you

choose j to be c;j to be a, so then we need to work out this quantity in order to complete this

particular term finding out %.
]

This we can express what this we need to find out, okay derivative is not for the P and Q , because
they are the fixed vectors in the plane of the orbit in the plane of the escalating orbit. So Z—Z and

already we have determined that this quantities are sin 6. So, from here we can see that this quantity

will be r sin 8 by similarly we have ¢ equal to A times and this equal to r cos 6.
o _%p, Mg
da aap da Q

Therefore Z—z which is here. You can write using this 2 information here r cos 6, rsin 9 uv rsin 6

yet in this place. So, r sin 0 divided by A time Q. Now P @ this already we know as earlier we

have derived it, okay. So, if we insert that our job will be done.

07  1cosO a rsin® A
—IPp 4 Q

da a a
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So, therefore . So, we want to express this in terms of ur and ue. So, immediately we can see

from this place, this kind of exercise numerous times we have done, so again repeating, this is your
U, So, along this what the component will be, from here to here angle is 6, you have to P the

angle between the vector u;0P, this is 0 and therefore, P will become 1i,.cos 6.

And then the other part we have to take into account which is #i,.cos 6 and then we are going to
this place ue is here. So, this is turning from the @,. by 90°, this angle is 90°, as | am showing here,
this angle is 90° okay, as shown by this and therefore, this is cos 90 + 0 is a component and this

gets reduced to 1i,-cos 0 -. So, this is P, which is expressed in terms of ur and ue.

These are already expressed in terms of .., figand this @i, obviously because of with a vectors we
are taking which the P and Q they are in the plane of the orbit. So, ua will not manifest in that i,.
Similarly, Q you can check it, this will be 4, sin 6 + @iy cos 8. Now, insert this to here in this

expression and thereafter we solve it okay. So, | will write it here itself.

dR > 07

e~ Faa
aR rcoso =» rsin 6
2 = —[BA, + Follg + Fatly] [ =2 p 4+ Q]

-~

P = 1i,cos O — 1igsin®

Q = @,sin® + 1l cos



OR ~ ~ ~ rcos0 ~ . rsin® . . ~

i —[E4, + Folig + F4liy].|——[1i, cos © — g sin 0] + [t sin O + iy cos 0]
OR _ T
da Ta

And this is the dot product and then from here r cos 6 divided by a times ii,. cos 6 - g sin 6 which
becomes P and + r sin 0 by a and then i, sin 0 + i, cos 6 okay. So, with this once we simplify it

taking the dot product obviously, only the dot product will exist with itself with other it will be

perpendicular and therefore, they will vanish.

So, this gets reduced to - Fr by F this equal to - F; by a. So, Z—I;, this has the value - Fr by a, using

the same technique we can derive for the others. So, in the next class | will do for one more that

means, | will work for Z—I;, here once you understand what we are doing with this is a little more

complicated finding Z—Z. So, from there this concept will become you will be able to grasp this

concept much better what exactly we are doing. So, we stop here and we will continue in the next

class. Thank you.



