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Exercise: Start with the Gibbs-Duhem equation (GDE)
toshowthatYy; diny; =0

The GDE was given by Eq. 2.23C in an earlier module as

—STdr + VT dP + Eyndp; =0 Eq.2.23C

NPTEL

Welcome!

We are in the middle of this exercise now, which we said, would take some time to derive, and
to make it effective, we are deriving it together. The exercise that we ... began in the last class
was: starting with the Gibbs-Duhem equation, show that summation over n i d In gamma i equals

0.
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we are left with

du
:E: ) dx =0
L “f‘ T,Px;

And, with division throughout by }; n; we get

()
IZ H' d .r,‘.‘ =0
dth
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And we arrived at a point where all other terms vanished, and we were left with summation over
X 1, the inside sum, you know ... when this is varied the whole range of this k is taken into account,
and then this is varied, and so on. So,

i % =0

Dk (aﬂl)TPx d x

axk

We have arrived at this stage equation, 4.a7, at the end of the last class. This class, we will move
forward; again we will do it together, because this one helps clarify many different aspects in
their ways of representation, and so on and so forth. So, you would develop much better ease, if

you do this yourself, or if you are able to do some parts of it. So, let us work together on this.
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Now, we know from Eq. 4.8 that
i = .“:‘t +RT Iny;x; Eq. 48

Substitutionof Eq. 4.8 in Eq. 4.a7 gives us

(let us drop the terms held constant in the partial derivatives
for the ease of writing)
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Eq.4.a8

Now we know from equation 4.8, that
W = uf + RT Inyx;

This is the definition of mu 1 for a non ideal solution. And, this is what we are going to take
forward. We will derive it for the most general case, the non ideal solution case. If we substitute
4.8, equation 4.8, in the previous equation, 4.a7 —4.a7, we had brought it down to a simple form
of this. We are going to substitute mu i with the expression in terms of mu i hash and the gamma

1 X 1, and so on.

Let us do that. I will show you one step and leave you to work through a few more and while
doing that I am going to drop the terms that are held constant in the partial derivatives. We are
very clear that the temperature, pressure, and all other mole fractions except the one that is taken
for the differentiation, are held constant. So, that we will take for granted now, in the remaining
part of this derivation alone just for the ease of writing, because, otherwise, we will have to write

so many different terms being held constant in each partial derivative there.

So, if we do that, this becomes x 1 this is the first term — you know x 1; dou mu i dou x k it was
sodoumuldoux1dx1dxkplusdoumu 1 - this is i, this corresponds to 1. Therefore, that
remains at 1 doumu 1 dou x 2 d x 2 plus, so on, until dou mu 1 dou x p d x p. This is just a first
term, and then when we change this you know, we are summing over i s; so, that is what brings

in the second term. Summing over k s is what results in the term in the square brackets.



So, let us look at the second term x 2 doumu 2 doux 1 d x 1 plus dou mu 2 doux 2 d x 2, and so
on till dou mu 2 dou x p d x p. What I meant by dropping the terms is we need to write here
constant T, P, x j and so on. That is what I am not going to do here just for ease of writing, but it
is well understood here so there is no difficulty. And so on ... you go on by changing the i term
to cover allis, and so on, till x pdoumupdoux 1dx 1 doumupdoux2dx?2,andsoon, ...
until dou mu p dou x p d x p. So, this is what happens if mu I ... I have still not substituted mu i
in terms of mu 1 hash plus R T In gamma i x 1 into equation 4.a7. What I have just done in this
step is to expand 4.a 7 to show you all the terms — the complexity of that particular term, the last

term on the left hand side. If you expand it will contain all these terms; of course equal to 0.

X1 [(Z—Z) dx; + (Z—‘;:) dx, + -+ (Z—J’;;) dxp]
+ X, [(Z%j) dx; + (Z—;‘;) dx, + -+ <Z%;) dxp]

+t X, [(Z%) dx; + (Z%:) dx, + -+ (Z%Z) dxp] =0

Let us call this equation 4.a8, and let me show you a few more steps before I leave you to work

some of the things out.
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Now let us substitute for y; in Eq.4.a8, using Eq. 4.8

Let us note that uf = f(T, P)

and y; = f(T, P,composition)

Since the partial derivatives in Eq. 4.a8 are wrt mole
fractions (composition), the terms corresponding to the
derivatives of uf will be zero

Thus only the partial derivatives of the term R T Ln ViX;
are of relevance

&

NPTEL

Now, we will substitute for mu i in equation 4.a8 using equation 4.8. Note ... this is important

... note that



ut = f(T,P)

a function of temperature and pressure alone. See what that means in terms of the partial

derivatives in equation 4.a 8 — that is a big hint.

But,
vi = f(T, P, composition)

a function of temperature, pressure, and composition. Composition, as represented by x1 and x2
and so on, in terms of mole fractions, at this stage. Earlier, we had represented composition in

terms of mole numbers nl, n2, and so on.
Here we have brought it down to mole fractions which makes it a little easier to work with.

I will leave you with this for about 15 minutes. I would like you to substitute the expression from
mu i from equation 4.8 into equation 4.a8, and realize that mu 1 hash is a function of temperature
and pressure alone, whereas gamma i is a function of temperature pressure and composition. Let
us see where you get. Substitute, then see what terms go to 0, see what terms can be cancelled
out if at all, and see how it can be reduced to its minimum representable form. Go ahead. Please

take 15 minutes to do it

Let us continue. You would have reached a certain stage. If we had gone enough, enough ahead,
you would have gotten down to a very compact kind of a representation. I do not know, whether
you have gone that far. Let us see at least some of the steps before I leave you again to do things
yourself. The partial derivatives in equation 4.a8 are with respect to mole fractions. Therefore,
the terms corresponding to the derivatives of mu i hash are going to be 0 because mu i hash is

only a function of temperature and pressure and not of composition.

Therefore, if you take the partial derivative with respect to the mole fraction that is going to be
automatically 0 because, it is a constant value with respect to mole fraction. Therefore, you can
just drop all the mu 1 hash terms completely, and only the partial derivatives of the term RT In

gamma i x i are of relevance here.
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For ease of writing, let us first consider the first term
(the entire term in the square brackets) on the LHS, in Eq. 4.a8

0 Iny, x d Iny,x, [ Iny;x;
X, ( L l)d.\‘l 0 ( = l)dr-, i ( = L)n‘.'t'p
. 0x; L G ax, |

Using the chain rule for differentiation, we can write the above as

| dx d
% f_ " bt | + Xy ﬂ d-rl
1 Y1%1 dx, dx,
1 dx, an
| — — Xy
V1% h dx, : dx,
1 ax, n

, + —ly =t X —] dx
e yix | 9x, dx, P

=

Let us see what happens, if you put that in. ... Again, for ease of writing or not taking up too
much space and not getting confused with the various terms I am just going to take the first term.
We are going to write the first term, develop the first term completely with the clear
understanding that, whatever goes with the first term is going to go with the other terms. They
are all very similar. So we whatever we write and bring it down should be applicable for the

other terms also.

Let us, do that at least to a certain stage. What I mean by the first term is the entire term in the
square brackets on the left hand side of equation 4 a 8, which is this 4 a 8 is this. So, this is the
term including x 1 that is, x 1 times whatever is there in the square bracket. This is what I am

going to take up first as we can see all the other terms here are all similar to the first term.

So, the same form should be applicable for the other terms also. That is the reason I am just
going to consider the first term. If I do that now ... just a mere substitution ... it is R T In gamma
1 x1. So R T is a constant that can be taken out. We will assume that the R T has been taken out

here; anyways the right hand side is 0. So, that is going to go to 0; that will come later.

So, x 1 dou In gamma 1 x1 by dou x1 d x1; this is whatever remains of that mu 1 mu 1 was mu 1
hash plus R T In gamma 1 x 1. mu 1 hash went because, mu 1 hash is not a function of xI1 and R
T has been taken out as a common term in all these expressions and it is kind of cancelled with
0. Therefore, what remains is In of gamma 1 x1 dou the partial of In of gamma 1 x 1 dou x1 d x

1 plus dou In of gamma 1 x1 dou x2 d x2 and so on, till dou In gamma 1 x 1 dou xp dxp. Can



you do the math here? This is, as you can see, this is a composite function; it is derivative with

respect to x1.

7] lnylxl) (6 lnylxl) 7] lny1x1
X1 [(—6x1 dx; + Tox, dx, + ... + o, dx,

What would you get if you do this derivative, ... or probably I will show you another step before

I leave you alone.

What I essentially meant was using the chain rule there, chain rule for differentiation, first
function into derivative the second function plus the second function into derivative the first
function, and so on. You know that this is function of a function therefore, x 1 into the derivative
of In would be 1 by that argument. So, 1 by gamma 1 x 1 times dou dou x 1 of gamma 1 x 1
which becomes gamma 1 dou x 1 by dou x 1. We will just keep this term now for completeness.
I know it is 1, but we will keep this term, so that there is some form that arises as a part of keeping

that there. We will keep that there.

Plus the second one, x 1 dou gamma 1 by dou x 1 d x 1. Similarly, this one would be the In part
of it would be taken care of 1 by gamma 1 x 1 and then you have gamma 1 x 1 remaining. So,
gamma 1| dou x 1 by dou x 2 plus x 1 dou gamma 1 by dou x 2 d x 2. Now, you get the hang of

t ... there ... and so on.

What [ would like you to do is take a next 10 minutes and reduce this to a nice compact form. It
is essentially algebra that I would like you to do — cancelling the terms that are common, and
combining them into a form ... that would take care of combining many terms together, and so
on. Take the next 10 minutes and do that please. It is a straight forward exercise — this one; it

will take time of course. Go ahead, please.

Again if you had gone all the way, you would just gotten a very small or a compact term, left.

1 6x1 6}/1] 1 [ 6x1 6}/1]
*1 {ylxl [71 0x4 dx1 1X1 £ ox *1 0x, dxz +
1 axl 6]/1
+ - [yl 2%, dxp

this of course, was equation 4.a9 our numbering scheme.
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which can be expressed as

1 dxy 1 dyy
o fi——— 1 ——[dx;
X1 0x;  yq Oxq

1 dx 1 &
- I——‘+ —ﬁl dx,

Xy dx;  yy 0x

1 dx, 1 oy
L |
Xy 0%, ¥y 0%, ;

Which can of course, be expressed as ... you know, you take that gamma 1 x 1 inside. You will
getx Iinto 1 by x 1 doux 1, doux 1 doux I, plus 1 by gamma 1 dou gamma 1 doux 1 d x 1,
this is the first term inside the brackets ... plus, you know, again there is a gamma 1 x 1 in the
denominator there earlier. If you take that inside you will have 1 by x 1 dou x 1 dou x 2 plus 1
by gamma 1 dou gamma 1 dou x 2 d x 2, and so on till you reach 1 by ... excuse me ... 1 by x 1
dx1dxpplus1bygamma 1 ... dou gamma 1 dou x p d x p; this also is partial. We will call
this equation 4 a 10. ...

If all the first terms in the square brackets of equation 4 a 10 are taken together,r and all the
second terms in the square brackets are taken together ... what I mean by that is this. This is 4 a
10. So, we will ... combine I byx I doux 1 doux1dx1pluslbyx1ldouxldoux2dx?2
and so on, plus 1 by x 1 dou x 1 dou x p d x p this is still inside the flower bracket that would be
one combined term. The other combined term is going to be 1 by gamma 1 dou gamma 1 dou x
1dx 1 plus 1 by gamma 1 dou gamma 1 dou x 2 d x 2, and so on, till 1 by gamma 1 dou gamma
ldouxpdxnp.

xlii% ~dx, + |22+ S5 dx, +- +[i%+ iaﬁ]dxp}

xq1 0x4 x1 0xo X1 0xp Y1 0xp
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If all the first terms in all the square brackets in Eq. 4.a10
are taken together, and so are all the second terms in all
the square brackets, we can write

dx, 1 dx,
+——dt +——d\
Xy 0X Xy dx,

an 1 dy l
el i
Y1 0%, ot " 9x, e J

Which can be expressed compactly as:

" X;{d Inx; + dIny}
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If we combine, this is what arises, and what I would like you to do is spend the next 5 minutes
looking at this, and, whether you can write this in a compact form. I am sure quite of you are few
are seeing this already. What can this be written as — just one term — that is what [ am looking

at; this just one term.

Take the next 5 minutes, even if you need to juggle your memory and come to some form. What
does this look like, you know, if you use this 1 by x 1 dou x 1 dou x 1. Or, let us look at this.
This might be easier to look at: 1 by x 1 dou x 1 dou x 2 d x 2, and so on so forth. Or, just this
alone, how can this be combined, and then what does this remind you in terms of an expansion

of a function in terms of its partial derivatives, the total derivative in terms of its partial

derivatives.
19 19 19 14 19
xli[—ﬁdx1+—ﬁd T xld [ “d + — My, 44
X1 0% x10 ¥1 9x;
1on
V1axpde }

These are the hints that I am going to leave you with for the next 5 minutes. Go ahead please.

I am sure all of you would have gotten it by now. You know, that 1 by x 1 dou x 1 dou x 1 is
nothing but dou Inx 1 doux 1. So, you havedoulnx 1 doux 1 dx 1ldoulnx 1 doux2dx2,
andsoon... tilldoulnx 1 dxpdouxpdxp. And whatis this? This is nothing but an expansion

of the total differential d of In x 1 when x 1 is a function of x 1 x 2 x 3 and so on, till x p. That



18 it.

So, this becomes d In x 1. This becomes, in the same fashion, d In gamma 1. And, of course,
you have an x 1 here; therefore, this becomes x 1 into d In x 1 plus d In gamma 1. This is just the

first term, remember that.
X1 {d Inx; + d lnyl}

We will call this equation 4 a 11.

(Refer Slide Time: 45:01)

Note that we had taken only the first termin Eq. 4.a8
to write Eq. 4.a11

If we consider all the terms in Eq. 4.a8, we get

[x;d Inx, + x5 d Inx, + -+ X, d In.\-‘p]

+[..r1 diny; +x,dIny, +-++ x,d In ’p‘

[
=0

And as mentioned, that is just the first term. All other terms are going to are going to reduce to
that compact form. In other words, ... the first term is goingtobex 1dInx I plusx2 dInx 2

and so on, plus x p d In x p. This can all be combined together,
[xl dlInx; + x;d Inx; + -+ x,d lnxp]
+[x1 dIny; +x,d Iny, + -+ x,d lnyp] =0

Now, take a look at this, it is very nice here ... equals 0, of course, on the right hand side, We
will call this ... we are not going to give a number to that. But, also note thisx 1 dlnx 1 x2d In
x 2, and so on and so forth. And, hopefully you would be seeing the light at the end of the tunnel.

Whatever we needed to prove, we are almost there.
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or

Zx, dnx; + Zx, diny; =9
i i

Now,

o
xdInx, = x, (T d.,t-‘) - Eq.4.a13

This can, of course, be written in a compact form as
Zl’xl' d lnxi + Zixl' d ln)/l =0

Let us call this equation 4 a 12. So, this is what we need to prove is 0. Therefore, now explicitly,
we need to prove that this is 0. This looks complicated, but it is not. Now, let us expand this d In
gamma X i again, in terms of this. x i d In x 1 is nothing but x i into 1 by x1 dxi. dInx 1, is
nothing but xi into 1 by x i d x i1 from the definition. Therefore, this is nothing but d x i because

x 1 and x 1 are going to cancel out.
1

x;dInx; = x; (; dxl-) = dx;
1A

Let us call this equation 4.a13.
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Since the sum of all mole fractions equals 1,

ix; =d ) x; =d(1) =0 Eq.4.a14
S ax =43

Therefore, Eq. 4.a12 can be written as

L3

Zn( diny; =0

Now, if we take the sum over all i s, with the note that sum of all mole fractions is 1, which is a
constant ... here is how it goes is O ... this is sum over all d x i over i — remember, this is what
was left over here d x i; ... and we need to sum over all i of d x i. And therefore, this is by the
commutative property ... in other words, you know, d is a differential, the difference amounts;
and therefore the sum of the differences is nothing but the difference of the sum. The
commutative property holds here. Therefore d for sum over x i, and what is sum over x 1? It is
nothing but 1, because the sum of mole fractions equals 1. And derivative of a constant, we know

0; and therefore, this goes to 0;

Yidx; =d Y;x; =d(1) =0

equation 4.a14. Well, we are almost done.
Therefore, equation 4.a12 can be written as
Yx;dlny; =Yn; diny; =0

Equation 4 30. Now I think we should stop here. We are out of time any way; need to adjust in
the working times a little bit. When we start up the next class, we will see how to use this, you
know this is what we had proved as an exercise ... how to use this to relate it to find or estimate

activity coefficients. We will meet then.



