Welcome to the MOOCs course Transport Phenomena of Non-Newtonian Fluids. The title
of this lecture is Herschel-Bulkley Fluids Flow through Pipes. In the last class we have
started discussing how to obtain the velocity profile and then volumetric flow rate
equations etcetera for the case when viscoplastic fluids flowing through pipes.

In the previous class we have derived such equations for the case of Bingham plastic fluids.
Now, what we try to do? We try to do this similar case for the case of a Herschel-Bulkley

fluids ok. So however, before going to the today’s class; details of today’s class we will
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be having a recapitulation of what we have seen in the last class.
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So, flow of Bingham plastic fluids through circular tubes due to pressure difference. Then
if you follow the process that we have been doing in order to get the velocity profile

etcetera. We get velocity profile for the annular region that is between r = R, to R; we get

this expression.

Recapitulation

* Flow of Bingham Plastic Fluids Through Circular Tubes Due to
Pressure Difference:
R? ] R

* In the annular area (R <r <R): v,= (%M)Tﬁ [1 ~al" ”—f [1 = IR] X

. ~0p\ R? 1 Ry]?
* Pug elocity (0 5 <Ry vonae =1y = () 7,17

* Volumetric flow rate: Q = :T'i (_TAP) [1 = §¢ + §¢4] X

DiNC /o
* Average Velocity: Vgyg = # = Ca) (ﬂ) {1 "§¢ + §¢4} x

8up \ L
T T e




And this is the region where the deformation of the fluid is taking place. And then region
where the deformation is not taking place. There the material is flowing like a solid plug
and then that region is between r = 0 to Rp. And then corresponding plug velocity is given
by this one, this is a constant velocity. Plug velocity is constant one single value for a given
pressure drop ok. Whereas, v, the above expression that changes with respect to the r

values, ok.

Corresponding equation for the volumetric flow rate we obtained this one. This is for the
entire flow region ok. It is not individually for annular or plug region, but the entire flow
region. So, this is what we have derived in the last class. And in addition to this one we
also derive the average velocity by dividing the volumetric flow rate by cross section area

of the circular tube whichever we have taken.

(Refer Slide Time: 02:33)

8 o m( @ )4_

Lot 16
* Friction factor: f = —+ e
R PVavg

g 3pviy; 3
16 He 1 He!
A e
Rep 6Rep  3f° Rep

P te [ BB
f'ne,, 14 6 3f3Re,,3] X

* Rep(for Bingham fluids) = Pv;::,n %

Bp
* Bingham number, Bi = te B
HBVavg

pth,',’ :
* Hedstrom number, He = i Rep X Bi
7 b

Z

So, then we got this expression. Then using this expression we further calculated the
friction factor as well. The friction factor that we have got this one which we have written
in terms of the properties of a material that is density, viscosity and then yield stress
etcetera, ok. Yield stress is also property of the material; characteristic property of the
material like density etcetera that we have for other properties like.

So, what we have seen? It is implicit equation, so we cannot solve directly we have to go

for a trial and error approach that we have seen right. The same equation we have written



in terms of some dimensionless numbers like Reynolds number, Hedstrom number and

Bingham number and then corresponding equations are given here.

This is when you write in terms of Hedstrom number and then Reynolds number. If the
same equation if you write in terms of Bingham number and Reynolds number then we
have this equation. All three equations or these three equations are same whichever

equation you we you use to get the friction factor you will get the same value.

Here, for a Bingham plastic fluids Reynolds number is PPavgD plastic viscosity ok.
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Similarly, we had Bingham number for Bingham plastic fluids is given as o
BVavg

can be treated as a kind of a dimensionless characteristic yield stress of the material ok.

So, Hedstrom number is nothing but the product of these two dimensionless numbers that

B
is Reynolds number and Bingham number and then you get pz;z".
B

Because of the linear nature of t versus y for Bingham plastic fluids after crossing &
value. We could develop the volumetric flow rate velocity profile etcetera easily in the
previous class. But in the case of Herschel-Bulkley fluids we have the T versus y expression

non-linear like a power law fluid right after crossing this = value, right.

When the applied stress is more than & value then t versus y expression is non-linear like
a power law fluid. So, then derivation may become slightly complicated or maybe

lengthier rather complicated.
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Hershel-Bulkley Fluids Flow through Pipes Due to Pressure Difference

So now, that is what we are going to see now. Herschel-Bulkley fluids flow through pipes
due to pressure difference right. So, now let us say this is the pipe that we have and then

this is the centre of the pipe or circular tube whichever you are taking.

So, coordinate system if you are taking like this at the centre. So, then this is z this is r and
then this is 0 direction. So now, so we are taking the region where it is fully developed

flow and then at z = 0 we are taking pressure Po and z = L we are taking pressure P right.

So, under these conditions we are taking 1-D laminar flow. So, where v; is dominating
velocity component because flow is taking place in the z direction and then this v; is
function of r, because at centre it is maximum velocity and then at r = R; it is 0 velocity
because of the no slip condition. So, when we move r = 0 to r = R velocity decreases. So,

that is what we are taking.

And then compared to v, other component of velocity v, and then vg are very small. So,
then we can neglect them, right we do not need to consider them ok. So, that is what we

have you know these are the assumptions.

So now, as long as the geometry is the pipe geometry and then if you take 1-D laminar

motion. So, then what we have seen in last few classes we have seen that the shear stress
whatever the shear stress 1r; is there that is nothing but (_TAP)E and this is irrespective of

the nature of the fluid. However, we are going to derive in this class again once again. So,



in order to have a kind of a continuity right, so what we understand the shear stress is

linearly increasing with r.

So, let us say if this is from here to here as you are moving. So, at this point at r = 0 you
are having t = 1> = 0. And then at this location at r = R you are having; you are having tr,

= maximum value of tw. And then in between these two limits linearly it is increasing.

So, now in this case of Herschel-Bulkley fluids what we have; we have the characteristic
yield stress =¥ it is having some value in between 0 to tw value that is sure ok. So, if it is

not or the applied value is not more than =& so then flow will not take place ok.

Now let us say a different location if you try to find out the t value at this value some value
at this location some t value at this location, some t value like that gradually it is increasing

right that is what we know; we understand now from this profile.

So, now let us say this location is the location where this t:; is becoming & for example,
ok. So, we do not know let us say that is the location. So, then these location whatever is

there, these location we can take it as Rp; r = Rp right.

So now, let us say this is the location at which 1, is having a value equal to & which is

nothing but the characteristic yield stress of this Herschel-Bulkley fluid right.

What does it mean? The material for any viscoplastic fluid the material does not flow as
long as tr, are applied; stress is less than to characteristic yield stress. So, then y is 0 there
is no deformation ok. So, but when; that means, if there is no deformation the material
should flow like a solid plug like this, it will be flowing like a solid plug without any kind

of deformation, fine.

So, but when applied stress is greater than t{. What will happen? Deformation will take
place and then depending on the behaviour or T was depending on the t versus y behaviour
of that material after crossing this =f; depending on the rheological behaviour of the
material then the volumetric flow rate the velocity profile will change ok will change with

respect to r.

So, if you draw it here let us say this location if you draw the you know velocity profile

for this fluid, so then it will be having solid plug like motion up to r = Rp. And then after



that the velocity gradually decreases and then reaches a you know value of 0 value at r =
R.

And then now actually if it is not having any viscoplastic behaviour the material would be
having the maximum velocity at r = 0 only; at r = 0 only you may be having the maximum
velocity right. So, but now here it will be having the maximum velocity for this entire

range of r = 0 to r = Rp that is we call vz which is nothing but vz max right.

And then after r = Rp it not necessarily be the profile as shown here it depends on the value
of n because of the Herschel-Bulkley nature. So, accordingly we will have the profile. So,

that is what we are going to derive now.

So, what we understand for a Herschel-Bulkley fluid or for that matter any viscoplastic
material the velocity profile would be having two regions. One region where the solid plug
like region is there and another region where now you are having deforming fluid kind of

region.

So, this region is deforming fluid region and then this is solid plug like region. | have
drawn it only for a half of the domain the same is true for the bottom half of this you know
tube cross section as well ok. So now, we are going to derive the required equation for this

case.
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Hershel-Bulkley Fluids Flow through Pipes Due to Pressure Difference

* Visco-plastic fluids flow only if applied stress exceeds the yield stress

* At middle of pipe where | 7,,| is less than yield stress, solid plug-like core flowing

* Radius of plugis R, and it is depend upon the magnitudes of andt,

Velocity distribution Shear stress distribuion




So, whatever | have described the same thing is pictorially shown here ok. Now before
going into the details of the derivation we have to list out the constraints of the problem so
that these, because these constraints are going to be useful in simplifying the equations of
motion ok. From where we are going to get a relation which will be helpful for us to get

the velocity profile.
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* Assumptions
* Infinitely long cylindrical tube (L/D very large)

* Flow is laminar and incompressible; Gravity is negligible; Isothermal
condition
90

* Steady state: s =0/

* Symmetric in 6-direction: i(-) =0

¢ Fully developed ﬂow Ny

* Flow is in z-direction as function of 7 ‘vz_;vz(_r@ .

What are the assumptions that we have? We have that cylinder is infinitely long that is
L/D is very large. Then flow is laminar and incompressible. Gravity we are not
considering, isothermal conditions we are considering. And then further steady state. So,

— of anything is 0. And then symmetric in 0 direction. So of anything is 0. Especially

this is for the flow variable not for the scalars like temperature and pressure.

And then fully developed flow is taking place in the z direction. So, in the z direction% of

any flow variable is 0. So, this is also for the flow variables not for the scalars or you know

like temperature pressure.

Further we have a velocity dominating in the v; direction which is changing as we change
the r value from 0 to R. Whereas, the other component of velocity v: vo are very small
compared to v or negligible we can take them as 0. And then only shear stress component

existing is tr other components of shear stress are not existing, right.
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Then first we have to see whether the continuity is being satisfied for this problem or not.

So, because of the steady state first term is 0 then v; is not existing aa_e of any flow variable
is 0, because of the symmetry; vo is not existing and then because of the fully developed
flow % of any flow variable is 0. So, then what we understand from here from by

simplifying this continuity equation the continuity is satisfied ok.

Next equation of motion r component we have written here. So, steady state this term is 0,
Vi IS not existing Ve Is not existing or they are very small and aa—e of anything is 0, because
of the symmetry vg is not existing. And then v; is existing, but because of the fully
developed flow % of anything is 0. So, that is cancelled out last term. So, left hand side all

the terms have been cancelled out.

Pressure, we do not have any generalized conclusions or boundary conditions in general.
So, then we cannot cancel out this term and then only 1, is existing, so it is 0. And then

because of symmetry this term is 0, and then only 1, is existing, so this is 0. And then

because of the fully flow % of any flow variable is 0, so this is also 0. Gravity we are not

considering here, so then what we get Z—f = 0; that means, pressure is not function of r.
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Similarly, if 6 component of equation of motion if we simplify what we get we will see.

Because of the steady state this term is 0, vy is not existing, Ve is not existing because of
symmetry this term is 0, vr v both are 0, v; is existing but ve is not existing. And then %

of any flow variable is 0 because of the fully developed flow.

And then pressure we do not know any you know generalized conclusions we cannot arrive
without doing the simplification. So, let is, let us keep it as it is. Then only 1 is exiting,
so this is 0. Because of symmetry this term is 0, because of the fully developed flow this
term is 0. And then for a simple laminar flow these two terms are same equal to each other,

so then this difference is 0. Gravity we are not considering.

So, here also we get Z—Z = 0; that means, pressure is not function of 6 as well. So that

means, pressure is not function of both r and 0; that means, pressure has to be function of
z. Because the flow is taking place because of the pressure difference. So, but what is that

function we do not know we will get it.

So, z component of momentum equation if you simplify what we get we will see. So,
steady state this term is 0, v; is not existing, ve is not existing and then because of symmetry

this term is O; v; is existing but v; is not function of z it is function of r only as well as

because of the fully developed flow % of anything is 0. So, this is 0.



We cannot take Z_Z = 0, because of the fully developed flow. Because fully developed flow

that is for the flow variables not for the scalars like temperature and pressure, so then we

cannot cancelled out cancel it out ok.

And then 1, is existing and then it is function of r. So, then we cannot cancel out this term
also, and then because of symmetry this term is 0. Because of the fully developed flow this

term is O we are not taking gravity into the consideration. So, what we have? We have only

7]

- . 0 1
these two terms remaining. So, that is a—z = =TTy

So, this equation will give you expression for v; as function of r when you substitute what
is tr, for a given fluid. So, till now the rheology of the fluid has not been brought into the
picture. So, it is generalized one ok; only thing that the flow has to be laminar and

symmetric, laminar symmetric fully developed incompressible flow should be there.
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* p = p(2) and RHS is function of 7 only

* Thus we can write ordinary derivatives:
dp 1d
dz rdr

* Since p = p(2) only and RHS is independent of z

. d .
* We can mtegrated—Zto obtain: [p = ¢;Z + ¢,

(rt,,)

So, this equation what we understand we already realized that p is not function of r and 6.

So, whatever the value information whatever the expression that is there in the right-hand

side that is not going to affect pressure. So that means, Z—Z can be treated as a constant.

Similarly r; is function of r only it is not function of z because of the fully developed flow.
So, then whatever the left hand side term is there that can be taken as a constant when you

integrate the right-hand side term. That means both these terms individually can be



consider and then get the; and do the integration to get the required velocity profile. So,

first what we do? We take this Z_Z then integrate. So, then we get p = c1z + co, right.
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Now, apply the boundary conditions z = 0 p = Po. S0, Co iS Po. At z = L p = P, so; that

. P—P
means, P. = ciL + co; that means, c1 is %

So, p you get this expression p = (_TAP)Z + P, ok. So P what we get? We get a linear

profile. What we understand? We know that the p is function of z, but which kind of
function it is we do not know in the previous slide, now we realize that it is a linear profile
ok.
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* Since RHS is function of r only and LHS is independent
of r

* We can integrate RHS as

d(rt,,) ___rd_p:) ridp
dz

Now, we can integrate this one. So, where we are taking Z—Z as a constant because the other
side we wanted to integrate. Because the other side is independent of z ok. So now, %;—r
what we had? This %%rrrz we were having and then that was equals to Z—Z. So now, thisr

we take to the other side, so r Z—'Z’ = %rrrz right.

. r?dp . rdp ¢, .
When you integrate rt,, = o, e thatis t,., = PO right. So, now, what happens

here it for any value of rt,, cannot be infinite as per the continuum hypothesis and then
we are doing all these problems under the assumption of continuum hypothesis, right. So,
C2 has to be 0 because if you substitute r = 0 then it will become infinite which is not

acceptable.
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* If 7,, has to be finite, ¢, should be zero
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* For plug region:
* For wall:

* Their ratio:

So that means, we get 1, this expression (_TAP)E ok. So now, this equation is valid; now

this equation is valid for entire range of r, that is r = 0 to R. So, in this equation if you

substitute r = R then you get 1r; = tw.

And then when you substitute r = Rp; what should you get? t, should be what, because R,
is the location where applied stress is becoming equal to the yield stress characteristic yield

stress of the material. So, at r = Rp 2 should be = tf.

So, that is what we are they writing for plug region that is at r = Rp 7§ = (_TAP) Rz—”. And
H
0

then for wall ©w = (_TAP) g. And then if their ratio this :— we can write it as %” we can also

w

call it ¢ for our calculation purpose, right.

So, now till now we have not included any information about the rheology of the material.
So, now we bring that rheological information of the material from this point onwards ok.
For Herschel-Bulkley fluids between 0 to R, the material flows like a solid plug with

constant velocity that vyp; that we have to do one region.
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* For HB fluids:
* 0 <7 <R, = plug like constant velocity

* R, S'r < R = velocity gradually decreases from constant plug
velocity atr = R, to zero at r =R

¢ ie,for Ry <T<R= 1] > 78|

A \ T
* HB equation = 1,, =}/ +m(—:zz-) forR, <r <R

—
1

= Ui T(lil a - —dv,
m dr

-

And then remaining region between R, to R velocity profile would be there that will be
gradually decreasing from a constant plug velocity at r = Rp to 0 at r = R. That we already

realized when we were discussing the physics of the problem at the beginning of the class.

So, we have to get the velocity profile for these two regions independently. When the
applied stress is more than the characteristic yield stress then that region we call it

deforming region; for that region we know that for Herschel-Bulkley fluid t,, = ¥ +
m (%)nright.

So, this is only for this region. Between r = 0 to Ry y = 0 that is the equation. That we

already know we have seen in basics of non-Newtonian fluids. So, now this equation I am

rewriting like this. I am just keeping % one side and rest all other things other side ok.

Now in place of a 1, in the previous equation | am going to write (_TAP) g which we have

derived in previous slide.
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* butatr=R=v,=0 > (;

So, in place of tr; | have substituted this thing and then rest everything | am keeping same.

Now I am writing —dv, is equals to whatever these term dr and then now we can integrate

this equation. Before integrating this equation for simplicity what | am writing (%) as o
T

H
and then whatever the Tfl as B. So, that I do not need to write so many terms repeatedly ok.

. 1 . (a_‘r—ﬁ)nTH 1
That is (a.r — B)ndr = —dv,, when you integrate what you get? — o= Ut

n

C5 integration constant. Now, at r = R then v; should be 0 because of the no-slip boundary
condition and then you get Cs is equals to this value right. So now, this value we are going

to substitute here in the next step.
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So, when you do you get this one; v; is equals to this value Cz and then this value whatever

is there right. So now what we do? We take these ( ) as a common term. So, then we

n
a(n+1)
n+1

have this term. Next in the next step what we are taking; (a.R — ) = common so then
we have 1 minus this term. So, next step we are going to write the corresponding

expression for o and .

a is nothing but ( ) and now | am multiplying by R and then dividing by R this

expression. So, that | have [[ APR]I that is nothing but this part; only this fraction ok.

n+1
And then remaining part (. R — ) = isthis one. So, this is your a and this is your 3 right
same we can do here also, but | wanted to do step by step; so that you know calculations

are easier and then easy to follow.

So, then now in the next step what | am trying to do wherever (_TAP)S is there I am writing
w. SO, here in this place I can write T—W. So, T—W | am writing and then in this place I can

write here 2% and then this is agaln — is as it is there.



n+1 n+1
So, then (t,, — )™ and then whatever divided by m™ is there. So, that | have written

here right. So, this term | am keeping here as it is right. So, now, this m if I join these terms

together what | get m% only I will be getting.
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So, that is mn and then 1w as it is and then. So, next what we are trying to do; whatever the

n+1 n+1
parentheses terms, what we were having we were having (z,,) = — (ti)™= this was we

n+1

are having. So, then (t,,) = | am taking common, so that | can write this expression here
like this.

Remember this H is not a power it is a superscript indicating Herschel-Bulkley fluid only
ok. And in last parentheses term | am keeping as it is. So, now, these term these 2 tw terms

1
) 1
if I combine what I can get | can get (z,,)». So, that w2 | can combine and then I can write

mn
1
H
0

(T_W)E. And then this is 2 is nothing but -2 right.
m Tw K

i we have seen it is nothing but (_TAP)% and then 1y is nothing but (_TAP) g. So, when

you divide these two you get %” that R we write it as see in the next step.



Now here again what we are doing, so since this term is simplified. So, we are
concentrating in the next term in the next term again now we are substituting for values of

a and B. So, then we have here these terms right.

So, here in place of % we have written ¢. Now what we are trying to do like previously

—Ap\ R . .- . .
we have done wherever (Tp) SIS there, so we are writing tw in this here. So, then we have
n+1 n+1

[(T—W) I_ %]Tand then here [%W - %]T right.

m/ R

n+1

So, next step what we do? We take (%W)Tcommon from these two terms. So, that what

H
we can have here =% we can had; we can have in this in the second term, right.

Tw
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So, here when you take these (%‘”)Ttaking common you get this expression right. So, this

n+1 H H
(%W) here and then here we can cancel out. So, then here = here also = I write it as ¢.
w w
n+1

G| .
So, | have lm rlght.



So, this already we know. So, %” = ¢ we are writing. So, in the next step what we do? We

n+1
do LCM and then we cancel out this (1 —¢) = and then whatever the denominator

n+1

(1—¢)n,right.

(Refer Slide Time: 29:35)

U Itisfarony

* For plug velocity, substitute r=R;, in above equation of v,
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So, v, we are getting this expression; v, = (ﬂ) (T—W)% {(1 — ¢>)nT+1 — (% ) )HTH} ok.

n+1 m

So now, this is the velocity profile which is valid for r = R, to R only. In the deforming

region what is the distribution of velocity; how it is being distributed as function of r that
we got it ok.

So now what we have to get? We have to get what is that constant value between r = 0 to
Rp like a plug solid plug. So, in since this equation is also valid for r = R,. If you substitute

r = Rp here then you get this equation in place of R we have substituted R; Rp.

So, %” is nothing but ¢, so then this term is 0. So, v is nothing but these term,

(=%) (—W)z (1 — @) This is what we get this is plug region this is valid for only plug

n+1 m

region.
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So, now we got both velocity profile in the deforming region and then constant velocity
expression in the non-deforming plug like region, ok. So, next step we move to the

volumetric flow rate calculations or obtaining equation for the volumetric flow rate.

So, volumetric flow rate Q is given by this expression. Actually [ 2rrv,dr it should be
right. But integration now has to be done in two parts; one part between 0 to Rp another
part between R, to R. Because in these two parts the corresponding velocity expressions

are different.

S0, V4 is this constant value vz is a constant value and then v; is function of r. So, those

things we are substituting here; this is vz and then this is for vz. Only thing that whatever
1

lZn (ﬁ) (T—W)zl is there that we are taking common from these two terms right.
n+1 m

1

So, now, this whatever the lZn (:—fl) (%W)zl is there that I am calling it as A ok. So, that

| do not need to repeatedly write this expression again and again ok. So now, this is a

. . . . r? Rp
constant and then when you multiply this one with r and integrate. So, you get Y lo

So, here again this term these two terms we are going to integrate. So, what | am trying to

2 2
do? I am integrating only this part first ok. So, then | get % actually; % and then integration

limits, but here Rp to R, whereas here integration limits 0 to Rp. Whereas, the third term |



am keeping as it is we can do similar way, but we will be doing after simplifying these two

terms ok.

So now, you take you know; here in this term what last term what we have done we have

taken % as ¢and dr is R d. So, then we have this equation. So, this integration will be doing

slightly after some time. So, first two terms when you substitute the limits you get these
expressions and then when you combine these two terms you have these terms, because

here you are taking R? common.

So, that wherever sz is there you will be getting divided by R?, so % we can write ¢. So,

2 2
we have in place the %p = ¢, SO % here. Similarly, here 1 — % that is 1 — ¢?2, we are

getting. Remaining everything same without any further simplification, right.
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So, now next step what we are doing? These two terms we are joining. So, then we get %

2 n+1
because the 2 is also we have taken common. %{(1 —P)n (p?+1— ¢>2)} these two

cancelled out.

And then since two we have taken common, so this last term would be now multiplied by

2. And then integration limits for the last terms are %” to % so that is nothing but ¢ to 1. So,



that is ¢ to 1 right. So this is what we have now. So now, these term we can integrate so

that you know we can finalize we can; so that we can get the final expression.

We know this expression integral f(x) g(x) dx and then following this equation what you

n+1

take f you take as ¢ and g you take as ({ — ¢) = . So, here - 2. And then integration of

2n+1

C— gb) n |s nothing but (¢ — ¢>) + and then { g C that is f is as it is limits ¢ to 1 minus
integral. Integration of this part is again the same, whereas, a differentiation of  is nothing
but 1 now and d ¢ right.

3n+1

So, in the next step when we integrate this this term as well then we get (T — <¢>)3n—n+1 and

then limits ¢ to 1. So, you substitute the limits in the next step.
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Then we have this expression whereas, the other terms are you know as it is we are not

n+1

doing anything with them right. So now what we do? Next step we take (1 —¢) =

1-2n

common from the remaining this term as well. Then we get we get 1 — (1 — ) +
2n? ”
GarDGnID (1 — ¢)“ this is what we get right.

2n .
——INn
2n+1 3n+1

place of this term and then whatever (1 — ¢)? being multiplied as it is, right. So, now, in

So, next step what we do? This term we divide into 2 terms then we get




the next step what we do? We combine these 2 terms so that Z—n if you take common 1

(1 ¢>)

minus 1 — ¢ that is what you get. Then we get next step ———— and then from here one ¢

is there, so that is this term. Whereas, the remaining terms are as it is now right.

1

So now, whatever the A expression is there that is Zn("fl) (m)ER2 term is there. So,

that we are substituting per A right. So, this A this 2; this 2 is cancelled out. And then next
step what we do this n + 1 we bring inside the parenthesis here to do further simplification.

2n+1

( ) (1 —¢) n isthere. So, then whatever n + 1 we are

nnR3

So, what we have here

bringing into the parenthe3|s then we have this term right.
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So, in the next step what we are trying to do? This term we are dividing into two terms.

So, that we have this one. Similarly, this term we are dividing into two parts. So, then we

have this term — — —— is nothing but 2ok right.
n+1 3n+1 3n+1

So, in the next step what we are going to do? We are multiplying this with these two steps
two terms. Similarly we are multiplying this (1 — ¢)? with the two terms within this

parenthesis. So, then we have these five terms now 4 + 1; 5 terms right.



So, next step what we try to do? We try to join these three terms where we are dividing by

2
n + 1 right then we get % whereas, the remaining two terms are as it is. So, this is the

final expression for the volumetric flow rate right. Exactly similar as we have done for the

case of Bingham plastic fluids, but the calculations as slightly lengthier.
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¢ Itis an implicit expression and one has to do trial and error approach to get “f” for given
values of Vg, ¢, R,m,n and p

Average velocity you can get divide by dividing the volumetric flow rate with wR?2. So,
then when we do you get this expression for the average velocity right. So, the same thing
you can write in a simplified manner like this where the parenthesis whatever the terms
within this parenthesis is there that we you can call it as F function of ¢, n ok. So, that

function is nothing but this one.

Now, once we have the vag We can get the friction factor. Friction factor we can get by
H
using this ¢ definition; ¢ = z—" s characteristic of the material that we can keep as it is.

So, now next step wherever in this equation ¢ is there in place of ¢ you can substitute

TH
—— or —>, like this.

2
5PVavg p va"g

So, here also what you see this friction factor is not explicit it is implicit. So, then you may
be needing to do lot of trial and error approach right. Now before concluding today’s
lecture we take an example problem on this derivation that we have done for the case of
Herschel-Bulkley fluid.
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Example Problem

* Rheological behaviour of a clay slurry (density = 1500 kg/m?)
can be approximated by a Herschel-Bulkley modeTovera
limited range of shear rates relevant to its laminar flow in a
pipeline (40 mm diameter, 500m long). Values of model
parameters are: T{,’ =17 Pa; m_:£§§ Pas™andn = 0.5.

* (a) Estimate the pressure drop when this slurry is flowing )4— Ao
fdw 9

under laminar conditions with a mean velocity o

* (b) What is the plug velocity in the middle of the pipe under ~& <,‘
these conditions? :

* (c) Calculate the size of the plug. 1

So, one material density is having 1500 kg per meter cube is flowing through a pipe under
laminar flow conditions pipe dia is 40 mm, length is 500 meters ok. The material can be
represented by Herschel-Bulkley fluid model where ¥ is 17 pascal, m = 0.83 and n = 0.5

right.

So now, the question is estimate the pressure drop when this slurry is flowing under
laminar condition with a mean velocity vavg iS given; v average is given as 0.5 meter per
second. So, when this is the average velocity, what is —Ap? That is what we have to find

out.

The second part of the question what is the plug velocity? What is vz when —Ap is
whatever the value obtained in the first case, right? And then finally, calculate the size of
the plug. So, what is the value of R,? That we have to find out.
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* Solution:
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* Now substituting the following values as: m = 0.83 Pas", n = 0.5, 7y =

17 Pa, R = (40/2) x 1073 = 0.02 m and Vayg =0.5m/s

1/0.5 _\2 X 2
© 05=05%002]——| " (1- g)0st/0s {Ll_@_ j2e00) ¢_}

0.83¢
* Further simplification yields,

3x05+1  2x0.5+1  05+1

=002 (-0 (2 g1 948

U i = L}
By trial and error approach: w @ e
®

S0, Vavg We have this expression, we are going to use this expression because Vayg is given
here ok. Now in the right hand side we see what we know; we know n it is given R is given

20 mm t¥ is given m is also given right ¢ is not known right.

So, only thing unknown here in this equation is ¢ if you know the phi; phi is nothing but

H
0 and then both these 1w is related to —Ap right. So, then you can find out —Ap. So, what

Tw

we do? First we simplify this equation to get phi and then from that phi value we try to

find out tw and then from that tw value we try to find out —Ap ok.

So, when we substitute all these values and then simplify and then you follow the trial and
error approach you get ¢ = 0.58 ok. So, that is % is 0.58. That is almost half of the cross

section of the pipe is flowing like a plug; half of the cross section is flowing like a solid

plug. That is what we understand ok.

That means, applied stress is not sufficiently large enough to make the material to deform

for a longer for a higher cross section region; for a higher portion of the pipe cross section.
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* (b). Plug velocity Vg = —ﬁ '—“’] (1 - ¢)™D/n

by

05X - X107 3 199.3171/05
Vg = 0 5 = T - 0.58)05+1/05 = 0,62 m/s

* (0).0= ? =058= Rp— 0.58 X= 116 X 1073m = 11.6mm & Rp
. < ﬁz_;‘;ow

H
So, ¢ is this one. So, which is phi definition is nothing but T—" right. So, from here tw is
nothing but So i is given as 17 ¢ you got is 0.58 so; that means, 29.31 pascals is Tw,

but tw is (_Tp) 2 So from here —Ap is nothing but 22 then you get —Ap as 1.46

into 10 power 6 pascals approximately right.

So, the first part of the problem is solved. Second part of the problem: if this is the Ap
what is the corresponding plug velocity? So, vy is this one. So, now, here in this equation
everything known including tw is 29.31. So, you substitute all these values simply and then

calculate you get it 0.62 meter per second. So, second part of the problem is also done.

Last part of the problem we have to find out Rp. So, ¢ = % which we got it as 0.58. So that

means, Rp = 0.58 * 20 * 10- which is nothing but R value actually. So, you get 11.6 mm.
See R is 20 mm whereas, Ry is 11.6 mm that is more than half of the cross section of the
pipe the material is flowing like a solid plug ok. So, deformation is taking place only in a

small fraction of the pipe cross section.
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References: This lecture is prepared from this lecture where the final equations are given,
we have done the derivation and then we have solve the problems. Other useful references

are given here.

Thank you.



