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Strain Displacement Gradient Relation: Examples

(Refer Slide Time: 00:13)

Normal strain, shear strain, rotation from displacement field
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Now, that we have derived expressions relating the Strains and the Displacement field let us

go back to our earlier example, where we qualitatively demonstrated that if you give me

displacement field we can tell looking at the figure and so on. Now, we can quantitatively

evaluate them, because what you all need is displacement field let us do that simple calculus

is required do that.

We are given the displacement field, so once again we will do left hand side and right hand

side separately. For the left hand side case this was the displacement field

uc(x,y)=a+py;  u,=2a—-Px

These were the conclusions which we arrived there; no normal strain, no shear strain there

was rotation just looking at the diagram figure initial state and final state.

Now, let us evaluate that the normal strain is



We are now quantitatively shown that normal strains are indeed 0. So, same conclusion as we

have arrived earlier, but now quantitatively.

Now, shear strain

Ou,
oy

=B+p=0
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So now, the shear strain is also 0 that is what we inferred from the figure, initial state and the
final state of the figures, but now we have quantitatively shown that it is 0. In fact, the minus

sign here has been chosen so that you do not have any shear strain in this particular case.

Now, let us evaluate the rotation

1 Ouy 0 X — 1 —
oy =3 (F-5)=3CB-B=p
So, there is rotation, but what is the difference now quantitatively evaluated.

Now what else can we infer? We assigned positive value for anti clockwise rotation and
negative for clockwise rotation. Now, we have got a negative value for rotation which means
that the element should have rotated clock wise and that is what we see here. So, qualitatively
you can say that there is rotation element has rotated clock wise, but now we are
quantitatively saying it is — . That is the difference from the earlier discussion and the

present discussion.

Now, just let us repeat this for the right hand side case. We said that the displacement field is

almost same with a small change

uy (x,y)=a+py;  wu, =2a+px

Let us see what is the effect. We just already seen the effect, no normal strain, there was

shear strain and there was no rotation. That we can infer from the figure itself.

Now, let us quantitatively evaluate that:

So differentiate u, with respect to x it is 0, and u, with respect to y it is 0. So, no normal

strain.



Now shear strain,
Oou ou, _ N
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So, there is shear strain and that is what we conclude from the figure as well.

Now, rotation

_ 1 (% _ouy_1p_Q)=
oy =5(7 "% )=2B-P=0

So, there is no rotation. Same conclusions as we have add qualitatively, but now

quantitatively we are saying yes there is shear strain, but no normal strain, no rotation.

One more point we said the shear strain is positive when it becomes acute, it becomes acute
angle. That is what we are seeing, earlier we had at right angles to each other and it has
become an acute angle and it should result in a positive shear strain. And we have got that as

2 B let us have B as 0.05, we have got that as positive. So, whatever qualitatively I have
seen based on the displacements now being related to displacement gradients and we have

evaluated them quantitatively,

Example: (Refer Slide Time: 06:28)

Experimental measurement of strains and rotation

* Figure shows the coordinates of a rectangular plate ABCD, to be, (0, 0), {0, 100), (150,
100), (150, 0), before deformation. If after undergoing two-dimensional strains, the
new coordinates are, (-1, -1), (1, 103), (152, 99) (150, -5), find the normal strains €,
and €y, shear strain yy,, and rigid body rotation a,,.
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Another example on relating displacement to strains. Look at the title of the slide, title says
experimental measurement of strains and rotation that has to be kept in mind. We will discuss

about the significance of that, but right now what is the significance. You have a plate and



then you mark some points, a force is applied and then the points get displaced and we know
the coordinates, this example is not new to us we have already seen when we discussed about
two dimensional displacement field displacement gradient and then of course, initial

coordinates are given the final coordinates are given.

And the difference between the earlier example and this example is that the earlier example
we are given a displacement field as an expression, looked little more mathematical. Now,
the salient feature of this example is that we are given the coordinates which means that they
are measurable. You have a plate and then there are some initial state, let us you have applied
some force, something happened some change in angle or length etcetera and then you can
find out the new coordinates. That is why the title says experimental measurement of strains

and rotation based on the coordinates.

So, let us quickly read figure shows the coordinates of a rectangular plate ABCD the
coordinates are given before deformation. If after undergoing two dimensional strains the
new coordinates are they are also given, find the normal strains &, €, this is new. Earlier
the question was find the displacement gradients, now the question is find the normal strains

€, &y, shear strain Yy and rigid body rotation @y .

Now, earlier also in another example we made we made this assumption. The assumption for
this particular case is that if you look at the diagram the rectangle becomes a parallelogram.
And remember we discussed earlier that lines parallel to the axis remain parallel. So, the lines
remain parallel which means that the strains are all uniformed throughout. So, rectangle
becomes a parallelogram strains are same along the entire surface. So, we are going to use
one or two of the sides to calculate the strains and they are applicable throughout the plate;

the rotation or strains.



Solution: (Refer Slide Time: 09:24)

Displacement gradients -2 D
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Let us do that. These slides are just for recall what you have seen earlier. So, let us go
through them. These slides we discussed earlier for calculating the displacement gradients.
Now what did we do? We took two particles along x direction, we took B and C and looked

at the difference in x displacement.

And then we looked at the we took the same two particles B and C and looked at the

difference in y displacement.

Now, we are going to use this and arrive at physically meaningful values, earlier they were

just gradients.
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Displacement gradients—2 D
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Now, what we will we do next? We took particles along y axis, we took particles C and D,
and then looked at the difference in x displacement, and then difference in y displacement as

well.

Aux _ UcTUp 20 _ 2

N veon 100 100
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Displacement gradients—2 D
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We also arrange this in the form of matrix which we later on called as a displacement
gradient tensor. And for a particle along one direction indicated by the denominator as Ax we
arranged as one column. And for particles along the y axis we arranged as second column and

we found out these values.

Aug Aug Awy Awy }_r 1 2 _ 4 4
Ax Ay Ax Ay [150 100 150 100]

Now, let us see how do we use this to find out the strains and rotation etcetera.

(Refer Slide Time: 11:44)

Normal strains
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Now, what does it tell you? It is a positive value, which means that a line element has
undergone elongation. So, if you compare B C and B’C’ you can easily see that there is a
increase in length, of course a small increase in length 5Lo . Remembers fractional change in
length, what you see is difference in length, what you have calculated is this change in length
by the original length. So, this what we calculate is a fraction normalize with the original
length, what you see here is just change in length, but anyway qualitatively we are seeing a

increase in length. So, let us do that along the y direction considering particles C and D.
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So, once again the line element C D has undergone elongation. And that we can see as well if
we compare C D, and C’D’ there is a small increase in length ok. So, the normal strains have
been calculated. Once again just we emphasize earlier we were given a expression for
displacement field, we differentiated that and found out the normal strain of course it was 0 in
the earlier case, but now we are given measurements from the measurements we are finding
out the normal strain. So, the strains are measurable. I want emphasize that particular point,

we will take this as a lead somewhere later on.

(Refer Slide Time: 14:39)

Shear strain
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Now shear strain
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So, which means that there is a increase in angle. So, if you focus BCD and then B’C’D’
there is a small increase in angle. Of course, slightly difficult to visualize, but there is a small
increase in angle. So, we have quantitatively calculated the shear strain based on the

measurements of the coordinates in terms of the displacement gradients.
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Rigid body rotation
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Now, finally, the rigid body rotation. In the Previous slide we calculated the shear strain in
terms of this displacement gradients and just repeating it so that we can refer for the present

calculation only sign change is required.

_Ow , Ouy _ Ay | Au _ 4 + 2 = _L

=% " T & & 150 '~ 100 150

So, this is same as what we have done in the previous slide. Now, for the case of rotation it is

=1 %_@ux =1 (Aw Aux 1l 4 2\ T
Wxy = 3 ) ( 5 (" 150~ T0) = 0

So, negative sign which means clockwise rotation. And you if you look at compare ABCD

and A’ B’C’ you see a clock wise rotation. So, that is in line with what we observe ok.

And so once again we have quantified rigid body rotation based on measured coordinates.

And in this example we had normal strain, shear strain and rotation all of them were present.
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Volumetric strain
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And we also saw how to calculate volumetric strain in terms of displacement gradients. So,

let us do that also. It was divergence of the displacement field and of course three terms are

there because it is two dimensional case only first two terms are there.

Vo= Qg O A Ay 4

=L
ox oy A Ay 150 ' 100 150

This means that compared with the area of ABCD, the area of A’B’C’D’ is higher. It will be
difficult look at the figure, but slightly we can get a feel but quantitatively, but remember it’s

the fractional change in area.
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Displacement gradient tensor
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So, we have seen this and I have specified this as we go along. When we discussed
displacement gradient tensor they were all gradients they were all derivatives for us ok. In
terms of 1 D, in terms of 2 D, and in terms of 3 D as well. Now, when you look at it we can
attach a physical significance to them, either a separate term or combinations. For example,

. . . Ou, . . . ou
we have seen what is significance of the term at; , normal strain along x direction; o

ou,
Oz

normal strain along y direction similarly normal strain along z direction. And then we

have seen if you take two derivatives and then if you add them, you get shear strain as

%4_%

. .. . Ouy 0
x T If you take difference and divided by two you get rotation as % % - ﬁ) .
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So, now it was looked like a more mathematical matrix there are tensor with derivatives
etcetera. That is how we remember when we introduced we said how x displacement varies in
the x direction, y direction, z direction; how y displacement varied along x direction, y

direction z, direction. So, more of a mathematical statement.

Now, each term or a combination of term has a very good physical significance. And then if

you add all the diagonal elements you get the fractional change in volume.
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Summary

* QQualitative demonstration of relation between strain and displacement field
+ Tranglation, normal strain, shear strain, rigid body ratation

* (Quantitative relation between strain and displacement gradients
« Normal strain, shear strain, rigld body rotation, volumetric straln

* Application for measurement of strain and rotation

* Physical significance of components (separately or in combination) of displacement
gradient tensor

g \ | t;
And let us summarize what we have seen so far. First we qualitatively demonstrated the
relationship between strain and displacement field. We looked at translation, normal strain,
shear strain, and rigid body rotation. Then we quantitatively related strain and displacement
gradients. Once again for normal strain, shear strain, rigid body rotation, and of course a
volumetric strain as well. In terms of application we applied it for measurement of strain and
rotation. And we also saw that the physical significance of components either separately or in

combination of the displacement gradient tensor.

So, we have seen the physical significance of the components of the displacement gradient
tensor. And this last line is the lead for our next lecture. That the displacement gradients
tensor, the components either separately or in combination have physical significance. What
is it physical significance, how are we are going to use that; that we will see as we go along.

And so that is the lead to the next lecture.



