Computational Hydraulics
Professor Anirban Dhar
Department of Civil Engineering
Indian Institute of Technology Kharagpur
Lecture 36
Gradually Varied Flow

Welcome to the lecture of the course computational hydraulics. We are in module 4, surface
water hydraulics. And this particular lecture class I will be discussing gradually varied flow,

open channels. And this is unit number 1.
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Learning objective for this particular lecture. At the end of this lecture students will be able to

solve gradually varied flow problem for open channels.
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We have seen this basic structure of our computational hydraulics course. We have problem

definition, mathematical

conceptualization,

discretization, algebraic forms, solution process.

(Refer Slide Time: 01:22)

Problem Definition

Hydraulic System

—~

Matftmatical Conceptualization

Governi
Initial C

' Boundar
Girtd G,

Struetured
Unstruetur

Point Generatic

Structured
Unstruetured

Problem

Euler Method
Modified Euler
Runge-Kutta

Definition

Numerieal Discretization

Eulerian Approach
Finite Diflerence

Dr. Anirban Dhar

domain discretization,

then numerical

e B B e e ]

I.I.T. Kharagpur

Algebraic Form

Nenli er
Herative Approach

Rmullsl*

Output File | | |

4

sTop

Computational Hydraulics

In our groundwater hydraulics we have started from this one dimensional two dimensional

case and finally derived the hydraulic head distribution for 2D space and 1D time.
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Now in surface water hydraulics first we will start with this channel flow. Channel flow is
essentially one dimensional flow due to conceptualization of the problem. And in channel
flow, flow depth is one of the important parameter and flow that varies with x if y is the flow

depth in a particular floor channel. This is the channel bed and this is the water surface.
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Then flow depth at any particular location y is a function of x. Now we need this variation of

y with x for this particular unit.
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Now governing equation for gradually varied flow in prismatic channel can be written as dy
by dx and this is S not minus SF 1 minus Fr square. S not is bed slope, SF is energy slope and

Fr is the Froude number.
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Now to solve this problem we need initial condition. When I talk about initial conditions we
may think this particular condition like zero time condition. If the flow depth is specified at a
particular section in the channel then we can find out the variation of y with x in the channel.

So this is initial value problem and this is first order ODE equation.
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In this case y is the flow depth or depth of flow, x is coordinate direction, S not is bed slope,

SF is friction slope. Now SF can be calculated using this expression and Froude number can

be calculated using this particular expression. Q is the discharge, T is the top width, G is

acceleration due to gravity and R is hydraulic radius, A is cross-sectional area.
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Governing Equation for Gradually Varied Flow in prismatic channel can be written as,

Initial Value Problem

dy _ So—Sp
de  1-—Fr2
Initial Condition:
Ylz=0 = 1o

where
y= depth of flow
a= coordinate direction /
So= bed slope
212
S¢= friction slope = (H"‘,/S‘W”_‘z) /
T
F'r= Froude number = (\/%7; )‘/

Q= discharge o

T= top width e /
g= acceleration due to gravity,,

R= hydraulic radius &

A= cross-sectional area. /
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Now as per our general format that we have discussed in lecture 7, we have discussed the

format where d phi by d t equals to psi t and phi. This format was there. Now in our problem

format we can write it as dy by dx and psi is the general function which is varying with x and

y.
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Now if we consider this GVF or gradually varied flow condition then it is not given
parameter. Then n, n is Mannings roughness coefficient, Q is discharge, R is hydraulic radius,
R can be calculated as A by P. But P is the weighted perimeter, A is cross-sectional area, T is

the top width.

(Refer Slide Time: 06:10)

= R e A A ¥/

L

Modified

I.I.T. Kharagpur
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Now we can express this problem as psi as a function of y only. Because there is no x in these

expressions. So we can directly calculate the psi xy using the variation of y only.
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Now if we consider a general trapezoidal section then area we can divide it into two parts.
This is flow depth, this is bed width and left hand side we have 1 is to m1, 1 is to m2 slope.

Now this intermediate area is By and on both sides if we consider then this will be the area.
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Perimeter is this one, bed width or this part, this is the weighted perimeter or P, we need to

calculate.
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Then we need top width. Top width is this one. And R, obviously R we can calculate based on

A and P values.
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Similarly if we have circular cross section we can calculate this area using this formula where
D is the diameter of the section, y is the depth of flow, theta is this particular angle and T is

the top width and P is again weighted perimeter, R is hydraulic radius, T is top width.
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From our problem definition we need to find out the nature of the flow. In gradually varied
flow we can classify the flow based on two flow depths, one is critical flow depth, another
one is normal flow depth. Now let us see how to find out this critical flow depth for prismatic

channels.
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Now in this case Fr we already know as square root of Q square T by gA cube, this is equals
to 1. Because in (cui) case of critical flow, Fr should be equal to 1. And in rectangular

channel which is a most simplified case, this is b and for flow depth if this is y then we can



calculate the area. Area is nothing but B into y. And top width is B only because there is no

variation in this sectional parameter over there.
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So if this is 1, then we can find out this is Q square, so T is B which is top width of the
rectangular section, g and A is By whole cube. So this is nothing but Q square divided by gB
square and y cube equals to 1. From there we can get this critical depth expression for

rectangular channels.
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Now if I want to calculate the normal depth, so normal depth can be calculated from
Mannings equation. Mannings equation if we write Q equals to 1 by n R to the power 2 3rd S

to the power half or S not, specifically in this case into area.
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Then for normal depth, B into yn and B plus 2yn. So Q is given, B is given, n is given, S not

is given. So only unknown parameter here is yn. So this is one non linear equation. Now we

need to solve this equation to get the value of yn or normal depth.
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Normal depth can be calculated from Manning's equation (uniform flow),
) 1 -2 &
Q= RISiA

In case of rectangular channel, A = By,, and P = B + 2y,

2
’ S
Q :i( B‘Uf,’ ) S By
-l £3‘.+ 2Un ) am®

In function form,

2

1 =
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(yn) " (“ Ton ) Y 2
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Now what we can do we can form one function which is G yn. G is the function of yn or

normal depth of flow. And we can transfer the Q on the right hand side and write it like this

and equate it to zero.

% ©

9/20
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Normal depth can be calculated from Manning's equation (uniform flow),
) 1 3. &
Q= RISiA

In case of rectangular channel, A = By,, and P = B + 2y,
= e———

2
1 Byn  \® o4
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In function form,
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And we already know the Newton Raphson method. In Newton Raphson method let us say

we are considering our yn value which is at GP and this is equals to let us say G yn P plus del

yn.
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From Newton-Raphson method,
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G’ (yn)
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Now in this case there will be another term that is the first order derivative term for this case
because we are expanding this term with Taylor series. So if we expand this term obviously
we will get one term which is G prime and yn. This is width P minus 1, ultimately this will

become P. So this is P minus 1 only and we can multiply this yn.
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Now at convergence point there should be zero. So what we can do, we can write it as yn
equals to minus our G yn P minus 1 divided by G prime yn P minus 1. G prime is nothing but
derivative of this function G with respect to yn. Now we can write this one as this equation.

So this is nothing but the expanded form of our derived case.
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And in case of rectangular channels this G prime can be calculated like this. If we take our
non linear expression G and we can differentiate it with respect to, this is G prime yn equals

to G yn and this differentiation is with respect to y. We can get this value.
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Now possible flow conditions. So now we have information regarding yc yn. Now according
to the position of this critical depth line and normal depth line we can classify the flow
conditions. If normal depth line is above critical depth line then we can call this condition as

mild slope condition.
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If critical depth line is above normal depth line we can call this condition as steep slope
condition. And if normal depth equals to critical depth, in that condition we will call this one
as critical slope. If S not less than zero then we call it as adverse slope and for S not equals to

zero we have horizontal bed condition or horizontal flow condition.
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Now in this case we can summarise the thing for mild slope with the symbol M, yn is greater
than yc. Steep slope, S, yn less then yc, this is supercritical flow at normal depth. Critical
slope, yn equals to yc and horizontal bed slope is not equal to zero and adverse slope we have

S not less than zero.
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Channel Category Symbol  Characteristic Condition  Remark
Mild slope qge= Me” Un > Yo @™ Subcritical flow at normal depth
Steep slope yu= S Yn < Yo  w-® Supereritical flow at normal depth
Critical Slope C Yn = Ye / Critical flow at normal depth
Horizontal Bed Slope H So=0 / Cannot sustain uniform flow

—ar
Adverse slope A So <0 / Cannot sustain uniform flow
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Now from our lecture 7 we can extend the concept of Euler method for solving this gradually
varied flow problem. Now for gradually varied flow problem we already know that dy by dx

can be represented like x and y.
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Now if we write this forward Euler method then this is explicit in nature because on the right
hand side all terms are known terms. So yn, xn yn, these terms are known terms. So from our

problem classification point of view this is explicit in nature.
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So forward Euler if we open our scilab code then we can see that scilab. Now we can open
this GVF forward Euler. Let us say that for given data Q equals to 20 metre cube per second.
S not equals to point 0008, n equals to point 015 and bed width is 15 metres, this n is

Mannings roughness, g is acceleration due to gravity, Lx is length under consideration. We



can consider this length as 200 metres. And y not, this is the initial depth at x is equal to zero

we can consider it as point 8.

Now to solve this problem because we have Q, S not, n, B, g. These parameters are available

for flow in a rectangular channel.
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9 [Lx 1] C
10|y0 ; |
11 (mnode: i

15|yc=(Q*2/(g*B*2)) ~(1/3);
16 (ye)

fu

tion Gval=Gfunc (y)
2 Gval=(S0" (1/2)*B~ (5/3) /n) * (y" (5/3) / (B+2*y) ~(2/3))-Q
3 |endfunction

function Gpval-Gderi (y)
Gpval= (S0~ (1/2) *B* (5/3) / (3*0)) * (¥~ (2/3) / (B+22y) ~ (5/3) ) * (S*B+6*y)
3 |endfunction

29 |eps_max

30 [aerror=1;

31|yn-yci

32 [while (aerror) > eps_max

33 aerrer=(Gfunc(yn) /Gderd (yn))?
24 ¥n=Vn-aerror;

Now if we consider this flow condition with m node that means nodes in the x direction that

is m node equals to 201 nodes. We have 200 m length and 200 m nodes are present.
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16 (yc)

7

18

19

1 |function eval=Gfunc(y)

A Gval= (S0~ (1/2) *B (5/3) /n) * (¥~ (5/3) / (B+2%y) ~(2/3) ) -Q
3 |endfunction

23

1 [function Gpval=-Gderi (y)

= Gpval= (S0~ (1/2)*B*(5/3) /(3*n) ) * (¥~ (2/3) / (B+2*y) ~ (5/3) ) * (5*B+éry)
3 |endfunction

27

28

29 eps_max

30|aerror=1;

31 |yn=yc:

32|while (aerror) eps_max

33 aerror= (Gfunc (yn) /Gderi (yn)) 7

34 VO=VN-A@LIOK]




And we are considering that these Q, S not, n, B and g, these are global variables. That means
if you write multiple functions we can directly utilise the constant values or constant given

data for this case.
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(ye)

1 |function @val=Gfunc(y)
2 Gval= (S0~ (
3 |endfunction

function Gpval-Gderi (y)
Gpval= (S0~ (1/2) *B (5/
3 [endfunction

eps_max
aerror=1;
yn=yc;
while (aerror) > eps_max
aerror= (Gfunc (yn) /Gderi (yn) )
VR=VI-A@LIOX;

72) *BA(5/3) /1) (Y~ (5/3) /

)/ (3%n)) * (y* (2

(B+2ry)

)/ (B+

(¢

/-9

YDA (5/

) )% (5B

Ry

R B =N
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Now to calculate critical depth yc equals to Q square gB square to the power 1 by 3. So that

way I have calculated this yc, our critical depth calculation. Now for normal depth calculation

we need G yn and G prime yn calculation. So this G n is this function. This is gval equals to

gfun c y and this gval is as per our expression, S not to the power half, B to the power 5 by 3

by n.
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3 |endeinction
23
1 |function Gpval-Gderi (y)
2 Gpval= (S0~ (1/2) *B (5/3) / (3*n)) * (g~ (2/
3 [endfunction
27
28 !
29|eps_max
30|aerror=1;
31 |yn=ye/
32 [while (aerror) > eps_max
33 aerror=(Gfunc (yn) /Gderi (yn))
34 VO=VN_aerror;
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This expression is there. Now if we consider the derivative of G or G prime then this is the G

prime that we have calculated.
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4
5 (SO

6 |n

7 (B

8|9

9 [Lx

10|y0 ;

11 [mnode: ;

16 yc)

17

18

19

1 [function Gval=Gfunc(y)

2 Gval= (S0~ ( )*BA( y/n) iy~ )/ (B+2*y)~(2/3))-Q

3 |endfunction e —— /
23

2 Gpval= (S0~ ( ) *BA ( Y /(3 ) * (v ( )/ (B4+27y) A (5/3)) * (5*B+éry)

3 |endfunction

29|eps_max
30 [aerror=1;
31|yn=yc;

hile (aerror) > eps_max
33 aerror= (Gfunc (yn) /Gderi (yn))
24 VR=VI-A@LEOX;

Now after writing these two functions we need to write the basic structure for Newton
Raphson so that we can calculate our yn or normal depth. So for Newton Raphson we need
that epsilon or error parameter and absolute error let us say this is equals to 1. And yn we are
starting from critical depth, whatever critical depth we have calculated we will utilise it as
initial guess for our problem. Now with this if we start this iteration loop, now aerror equals

to 1 that means absolute of aerror is greater than epsilon max. Whatever is specified here.

Now this error is G function divided by G prime calculated at yn or whatever initial value is
there. And we are updating this value with yn equals to yn minus aerror or yn equals to yn
minus G by G prime yn. So now from this iteration we will get the normal depth for the

problem.
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function Gval=Gfunc(y)
Gval= (S0 (1/2) *B* (5/3) /n) * (y~ (5/3) / (B+2*¥) ~(2/3)) -Q
endfunction

function epval=Gderi (y)
Gpval= (S0~ (1/2)*B* (5/3) /(3*n))* (y* (2/3) / (B+27y) * (5/3) ) * (5*B+6*y)
endfunction

29|eps_max 7 - G( v‘,
30(aerror-1; gm

31{yn=yci @ —_—

3z2|while (aerror) > eps_max [}

33 aerror= (Gfunc (yn) /Gderi (yn)) 6 (,")
24 yn=yn-aerror;

35|end

/ yh’ }'\‘ (‘—6}:’)

dydx = pai(x,y)

2 |A_y=B'y;

3 |P_y=B+2"y;

4 |R_y=R_y/P_y;

5 |ST=(n*2*Q*2) / ((R_y) ~ (4/3) *A_y~2)
6 |Frs=(Q~2*B) / (g* (B*y) ~3) ;

7 |dydx=(S0-Sf) / (1-Frs) s

After getting this critical depth and normal depth we can identify the possible flow condition
in the channel. So for this problem if I run up to this step then we can see that our critical
depth is point 5658 and normal depth is point 8478. So obviously in this case normal depth is
greater than our critical depth. So the flow condition is with mild slope condition or M

condition.
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Now in this code next part is our main calculation or dy by dx calculation. In dy by dx
calculation this psi is our function, psi xy. We have this Ay which is area, Ty weighted

perimeter, so R is A by P and Sf is calculated like this which expression is already there on



the slide, n square q square R to the power 4 by 3, A to the power A square and Frs which is
Froude number square. So Q square B again this g A cube is there because this is Q square T

by gA cube which is Fr square.
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(aerror) o5 _max
aerror= (Gfunc (yn) /Gderi (yn)) :
yn=yn-aerror:

xc pace (0, Lx, mnode) 7
52 delta_x=Lx/(mnode-1) }

54 yv (mnode, 1) ;
yv (1) =y07
for i=1:mnode

57 yv(i+1)=yv (i) +delta_x*pai (xe (1), yv(i)) s
58 end

Now from there we can calculate dy by dx. Now if we (uti) call this function we can utilise it
in forward Euler method. Forward Euler method let us generate the grid points or x
coordinates. So XC is linspace 0 to Lx and m node. M node is the number of nodes in x
direction including the end points. And delta x is Lx by m nodes minus 1. So initialization, yv

is the y value or flow depth value, zeros m node 1. Yv or 1 equals to y not.

Now in this case if we run this loop from 1 to m node so that if we take 1, this will be yv 2
equals to yv 1 plus delta x and this is psi xc in this case 1, and yv 1. We can calculate the psi
value or derivative value. And finally we can get the updated flow depth in the downstream

section.
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e
L 7
2 |while (aerror) > eps_max
3 aerroxr=(GLunc (yn) /Gdexd (yn)) 7

4 yn=yn-aerror;

35 [end

36 (yn)

37

38

1 [function dyax = pai (x,y)

2 |A_y-B'y;

3 |P_y=B+2ry;

4 [R_y=A_y/P_y:

5 [ST=(n"2%Q*2) / ((R_Y)* (4/3) *A_y~2) 1
6 |Frs=(Q~2*B) / (g* (B*y) ~3)

7 |dydx=(50-Sf) / (1-Frs);

8 |endfunction

51 xc=linspace (0, Lx, mnede) 7
52 delta_x=Lx/(mnode-1);

54 yv (mnode, 1)/

55 yv (1) =y0r

56 for i=1:mnode

57 yv(i+1) yv (1) +delta_x*pai(xc (1), yv(i)) s

D7 yvayz Yoo 4 MY(M(U,7V('))

63|plot (xc, yv,

With this we need to plot the results. So plotting first is this xc is the x coordinate, yv is the y
coordinate or flow depth value. Now set gca, this line is written so that we can add another
line on top of the present plot. So we need to add this normal depth line and critical depth line

in the plot. So this is forward Euler method.
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*Q*2) / ({R_Y) * (4/3) *A_y"2) 7

51 xe pace (0, Lx, mnode) 7
52 delta_x=Lx/ (mnode-1) 7

54 yv (mnode, 1) 7

55 yv(1)=y0;

56 for i=1:mnode

57 yv(i+l)=yv(i)+delta_x*pad (xc(1),yv(i))s
enc

Now let us run this problem. So if you run this problem we can see this top line this is
actually normal depth line. The bottom line is critical depth line and our flow condition this is
as per mild slope condition and this is zone number 2 as per our classification. So we have

M2 profile here in this case.
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Now we can utilise other methods. in modified Euler method we have this K2. K2 again this
is calculated from K1. This K1 is similar to our Euler step but K2 is calculated at half of that

or half step.
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Modified Euler Method

Yn+1 = Yn + K2

with
B AT 1
Ko = AaW (:1'1. + = yn + 51(1)
—_—— w"
Ky = Az (T, Yn)
e ———————
Dr. Anirban Dhar Computational Hydraulics

So let us utilise this one for our problem. Now if I open the code corresponding to modified
Euler which is first approach. Top portion starting from given data critical depth calculation,

normal depth calculation, these are same as given our forward Euler method.
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maiied_suer 14t

word_er.sal ()| modified_euler_tatsa (34
il
2
3
4 (Q=207

n
B

g

Lx

y0

mnode

12 ('Q','s0','n','B', 'q")

B & |

ye= (@°2/ (g*B"2)) ~(1/3) 1
(yc)

function Gval=Gfunc(y)
Gval=(S0” (1/2)*B* (5/3) /1) * (¥~ (5/3) / (B+2*

lendfunction

function Gpval=Gderi (y)

Gpval= (S0~ (1/2) *B~ (5/3) /(3*n)) * (y* (2/3) /

eps_max
30|aerror=1;

(aerror) > eps_max
aerror= (Gfunc (yn) /Gderi (yn) ) :
¥n=yn-aerrori

R R B B e e

Only change is there in case of these steps. These are internal steps. Now we need to calculate

this K1 with xc and yv i and K2 which is calculated at half, this del x by 2 and K1 by 2. And

we need to add this K2 with y i so that we can get the final plot.
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e

Tie Edt Format Options Window Execute ?

BLE@®aed A00@E0(>T R
oward eulrsa[56)| mosed_suer_latso (3
3 aerror=(GLunc(yn) /Gdexrd (yn)) 7
4 yn=yn-aerror;
5 end
36 (yn)
37
38
1 |function dyax = pai (x,y)
2 (A_y=B'y;
3 |P_y=B+2ry;
4 |R_y=h_y/P_y:
5 [SE=(n"2*Q~2) / ((R_Y) " (4/3) *A_y~2)
6 |Frs=(Q~2*B) / (g* (B*y) ~2)
7 |dydx=(50-Sf) / (1-Frs);
8 |endrunction
47
48
49
50
51 xc pace (0, Lx, mnode) 7
52 delta_x=Lx/ (mnode-1);
53
54 yw (mnode, 1) ;
55 yv (1) =y0r
56 for i=1:mnode
57 K1 d&lLdix‘pJAVXEtu,y\/{ll)),
58 K2=delta_x*psi (xc (i) +delta_x/2, yv (i) +K1/2):
59 yv (i+1) =yv (1) +K2; — -
60 end -
61
62
63 [plot (xc, yv, y
64 (gea (), " o )
65|plot ([0 1x), [yn yn),
66 (gca ), " = )

|

Now if I run this code again we are getting plots which is similar to our old one. Obviously

there is some amount of difference in the plot. If we zoom this portion then we can see that

some amount of difference is there between these two solutions from forward Euler method

and our modified Euler approach which is two step approach in this case.
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Now again if we apply this second approach which is Euler Cauchy approach and (modi)

modified Euler two step method. This is average of K1 and K2.
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Modified Euler Method

Yn+1 = Yn + % (K1 + K3
with
Kz = Ax¥(zn + Az, yn + K1)
Ky = AxV (20, yn)

Order of Modified Euler method: @(Ax?)
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In that case only difference is here, this K1 K2 calculation. This is full step for K2 calculation
and K1 is full. In previous case we have used half here. Now in this case we are taking

average of K1 and K2.
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[lmodified_aulary
Fie Edn Fomat Options Window Execute 1
BLE®maed A00@E0(>T R @

word_euler.s0 (5] | modfied_ever_tstsa (36)| modted s 50 (36

function dydx pad(x,y)

A_y-B'y;

B_y=B+2ty;

R_y=R_y/P_ys

SE= (N 27Q2) / ((R_Y) " (4/3) *A_y"2) 3
Frs=(Q*2*B) / (g* (B*y) *3)

dydx= (50-S£) / (1-Frs) 7

8 |endfunction

b sy

Nouaw

51 xc=linspace (0, Lx, mnode) 7
52 delta_x=Lx/ (mnode-1) 1

54 yv (mnode, 1) ;
55 yv(1)=y0r
56 for i=1:mnode
57 Kl=delta_x*pai (xc (i) ,yv(i)); -
58 K2-delta_x*pai (xc (1) +delta x, yv (1) +KL) 7
59 Y iie1)=yv () +(1/2) * (RI+K2) 5
B e

So if I run this code again it is coinciding with one of the cases. But this is not the forward
Euler method but the second order approach or modified approach that we have utilised in
our previous code. So some amount of difference is there in this case with the forward Euler

method but not with the first approach of the modified Euler method.
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If we utilise our RK2, RK2 again we need to calculate this K1 and K2 as per these

expressions.
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Euler Mef
Modified Euler Met
Runge-Kutta Met

RK2

1 o
Yn+1l = Yn + 7 [y + 3K3)

with
K = AzU(Zn,Un)
: 2 2 55
Ky = Ax¥(x, + §A.’F-?}n + EIXJ)
Order of RK2 method: O(Az?)
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So in that case only change is there for this K2. K1 is similar to our previous one but this 2
3rd delta x and 2 3rd K1 is a different thing. And the final step 1 4th K1 and 3 K2, this is

there.

(Refer Slide Time: 35:29)

File val ptions Window Execute 7
CELE®mS 600 &E0 DR X O
w

word_evder.s1 (5] | mockfed_evker_tstsa (5] | modkfied_evker_ands0 (5] RK250 (3
1|yn-ye,

2|while (aerror) > eps_max

E1 aerror=(Gfunc (yn) /Gderi (yn)) :

4 yn=yn-aerror;

35end

36 (yn)

1|function dyax = pai (x,y)
2 [A_y=B*y:

3 |P_y=B+2"y;

4 |R_y=R_y/P_y;

5 [ST=(n*2*Q*2) / ((R_y) * (4/3) *A_y~2) 3
6 |Frs=(Q~2*B) / (g* (B*y) ~3)

7 |dydx= (50-Sf) / (1-Frs):

8 |endfunction

51 xe=linspace (0, Lk, mnode)
52 delta_x=Lx/ (mnode-1)

54 yv (mnode, 1) ;

55 yv (1) =y0;

56 for i=1:mnode

57 Kl=delta_x*psi (xc(i),yvi(i))s ’

58 K2-delta_x*psi (xc (i) +(2/3) *delta_x, yv (i) +(2/3) *K1) ugl®
59 YV (i+1) =y (1) + (1/4) * (K1+37K2) 7

63 |plot (xe, yv, ) "\,‘—

64[set (geal), 0 ) .

So if we run again this problem with other colour, maybe magenta colour for this one. So

again it is coinciding with our previous solution.
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Now in this case we can see that the solutions are converging for our first order and second

order methods to a single solution. Now in case of our M2 curve this is decreasing in nature.
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Now if we utilise our RK3 method which is (consi) considering K1, K2, K3 with these

expressions.
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1 5
Ynt1 = Yn + = (K1 + 4K + K3)
6 — -
with
Ky = Ax¥ (@0, yn) e
Ko = AxV (zn, + %A.’r. Yn + %Kl)
K3 = AxV (2, + Az, y, — K + 2K5)

Order of RK3 method: @(Aa?)
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Now we can utilise it for our problem. This is RK3. Now in RK3 other portion, that is similar.
Only change is there in terms of K2 and K3 calculation. Now we can take average or

weighted average of this K1, K2, K3 slopes and we can get the final outputs.
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plions Window Execute 1
CELE®mES 6t X000 &E0 DX O

word_evder.[5¢] | mockfed_evker_tstsa (5] | modkfed_evker_and.s0 (5] | xzsa (3] Rchsa (3¢)
8
function dydx = pai (x,y)
A_y=Bty:
P_y=Bt2*y}
4 [R_y=A_Y/P_Yr
5 [ST=(n"2%Q~2) / ((R_Y) " (4/3) *A_Y*2)
6 |Frs=(Q~2*B) / (g* (B*y) ~3)J
7 |dydx= (50-S£) / (1-Frs) ;
8 |endfunction
47
48
49
50
51 xc=linspace (0, Lx, mnode) 7
52 delta_x=Lx/(mnode-1);
53
54 yv (mnode, 1)/
55 yv (1) =y0;
56 for i mnode
57 Kl=delta_x*psi (xc (1) ,yv(i));
58 K2=delta_x"psi (xc (i) +(1/2) *delta_x,yv(i) +(1/2)*Kl); gul
59 K3=delta_x*pai (xc (i) +delta_x, yv (i) -K1+2%K2) R
60 YV L+1) =yv (1) +(1/6) * (K1+4*K2+K3) 2
61 enc -
62 a
63
64| (xe, yv )
65 (gea)," "y )
66|plot ([0 Lx], [yn ynl,'-m')
67 (gea ), " )
68 (plot ([0 Lx], [ye yel, )
69 ("RK3" ., ." . )
70 =
71

So if we run this code again we will get the solution and solution now same nature.
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Similarly if I utilise this RK4, so RK4 also we need four terms K1, K2, K3.
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RK,4 can be presented as,

RK4

Ynt+1 = Yn + %(K] + 2K + 2K5 + Ka)
with
K1 = AzU(Tp, Yn)  am—
Kz = Az¥(zn + %Au',y,. + %Iﬂ) -
Ks = AzY(x, + éA:l:.y,,_ + %Ii’g) —

2
Ky = AzxU(xn + Az, yn + Ka) _—

Order of RK3 method: O(Az")
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And in RK4 we need to change the program at this internal step. This is K1, this is K2, K3,

K4 and again we can take weighted average value here to get the final flow depth value.
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File Iowl Format Options Window Execute 7
BLE®ma et A00@E0(>P R

word_euler.s0 (5] | mokfied_ever_tst.0 (5] | mode_ever_andso () | ax2sa (][ Ressa (3 Rkdse )
function dydx = pai(x,y)
A_y=-B'y
P_y=B+2ty
4 [R_y=A_y/P_y:
5 |Sf=(n"27Q"2) / ((R_Y) " (4/3) *A_y"2) 1
& |[Frs=(Q*2*B) / (g* (B*y) *3)
7 |dydx= (S0-S£) / (1-Frs):
8 |endfunction
47
48
49
50
51 xe=linspace (0, Lk, mnode) 7
52 delta_x~Lx/ (mnode-1)
53
54 yv (mnode, 1) ;
55 yv (1) =y0r a
56 for i=1:mnode
57 ,m delta_x*psi (xc (i), yv(i))s
58 K2=delta_x*pai (xc (1) +(1/2) *delta_x, yv(i)+(1/2) *K1) 7
59 /Ks delta_x*psi (xc (i) +(1/2) *delta_x,yv(i)+(1/2)"K2);
€0 Kd=delta_x*psi (xc(i)+delta_x, yv(i)+K3):
61 YV (A+1) =yv (1) +(1/6) * (K1+2*K2+2*K3+K4) 7
& and ———————
63|
64
65| (xe, yv )
66 (gea ), " "y )
67 |plot ([0 Lx], [yn ynl,'-m')
68 (gea ), " )
69|plot ([0 1x], lyc yel, )
70 ("RK4" , " i )
7 "RE4", " ",
72

Obviously one thing is clear in this case that whether we are considering a second order, third
order methods, always these methods are explicit in nature. If we consider K1, K1 depends
on yn. So K2 depends on K1. K1 is again known quantity from our previous step. K3

calculation we need this K2. S2 is coming from here.
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RK, can be presented as,

RK4

e . - .
Ynt1 = Yn + E(K' + 2K + 2Ka + Ka)

with
K= AzV(Zn,n)

o = A oF A 2 )
2 2-

= T -
i\‘q = Az¥(x, + EA:::.;UT?;M
K4 = Az (xn + Az, yn + K3)

Order of RK3 method: O(Aa?)
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If we see this K1 is coming from here to calculate K2. Again for K3 calculation we are

utilising K2. Again for K4 calculation we are utilising K3.



(Refer Slide Time: 39:26)

¢ QE LSS

ILI.T. Kharagpur

RK, can be presented as,

RK4

1
Yn41 = Yn + E(Kl + 2K> + 2K3 + K4)

with
Ky = AxY(zn,yn)

K; = AzU(zn + %Au:,yn -3 %1\’])

[
n + EAJ-?I’, =f ﬁh‘l)
Ka)

K3 = Ax¥(x

K4 = Az (xn + Az, Yn

Order of RK3 method: O(Ax")
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Now all these methods whether of forward Euler, modified Euler first approach, modified
Euler second approach, RK2, RK3, RK4, these methods are explicit in nature. So these are
the codes that I have written and I will supply this so that you can run these codes and get

result and verify whatever I have showed during this lecture class.
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Euler Method
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Runge-Kutta Methods

Gradually Varied Flow

® Forward Euler approach
o forward_euler.sci
® Modified Euler approach
e modified euler 1st.sci
e modified euler 2nd.sci
® RK2 approach
o RK2.sci
® RK3 approach
o RK3.sci
® RK4 approach
e RK4.sci
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Thank you.



