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Waveguide Resonators

At higher microwave frequencics transmission line
resonators have relatively low value of Q.

Since open ended waveguide can  radiate { [
significantly, waveguide resonators are usually short ?
circuited at both ends forming a cavity.

Rectangular cavity

Electric and magnetic energy is stored within the
cavity enclosed.

U _ Cylindrical cavity
Dissipation of power takes place on the waveguide
walls as well as in the dielectric material filling the
cavity if the dielectric is lossy.

We have seen different types of transmission line resonators. Let us now consider Waveguide
Resonators. At higher microwave frequencies the transmission line resonators have a relatively
low value of Q. Since open-ended waveguide can radiate significantly, waveguide resonators
are usually short-circuited at both ends, forming a cavity. Electrical and magnetic energy is

stored within the cavity.

So, a rectangular cavity and a cylindrical cavity is shown in the figure. So, you can see that this
rectangular cavity is essentially a rectangular waveguide, and with both the ends it is now short-
circuited. Similarly it is a circular waveguide with end caps at both ends. Now, the dissipation
of power takes place on the waveguide walls as well as in the dielectric material feeling the

cavity if the dielectric is lossy.
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Waveguide Resonators

Coupling to cavity resonator may be done using a small aperture or a probe or a
loop.

Aperture coupling

Probe coupling

Loop coupling

Coupling to cavity resonator may be done using a small aperture or a probe or a loop. So, this
is an aperture coupling where, through this aperture, the coupling with the cavities is achieved.
This is a probe coupling where the central probe goes inside the cavity, and this is a loop

coupling where the central conductor of the coax forms a loop.
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Resonant Frequencies of Rectangular Cavity

We first find the resonant frequencies ¥
of the cavity assuming it to be b
lossless.

0

The unloaded Q of the cavity is then
determined considering small amount /
of loss on the waveguide walls as well d
as in the dielectric material.

So, we start our discussion by determining the resonant frequencies of rectangular cavity. So,
here we show a rectangular cavity which has sides a, b, and d. So, what we do? We first find
the resonant frequencies for such cavity assuming that the cavity walls are lossless and also the

dielectric material if any present within this cavity it is also lossless.



The unloaded Q of the cavity is then determined considering the small amount of loss on the
waveguide walls as well as in the dielectric material. So, initially we find the resonant
frequency considering lossless condition.
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For TE,,, or TM,,,, mode

E.(x,y,2) = 8(x, y)(Ate IPmnZ 4+ A~elPmn?)

where,

o= [~ (2 (2

Resonant Frequencies of Rectangular Cavity

For TEp or TMy, mode ¥

Ey(x,y,2) = &(x,y)(A*e™/Pnn 4 A-eJFmn?)

ransverse variation — Amplitudes of forward

and backward wave /
dy

where,

Bn = jkz - (?)2 - (7;)_")2 :

So, for TE mn or TM mn mode we can write the transverse electric fields in the form of e bar
X, Y which takes into account transverse variation, variation with respect to x and y and this
bracketed term gives the longitudinal variation and since the cavity is closed at both ends. We
have also considered the reflected wave and therefore A plus and A minus this is at the

amplitudes of the forward and backward wave.

And beta mn this is given by k square minus m pi by a whole square plus n pi by b whole
square and everything under root. So, what happens? Now, we have at Z is equal to 0, and Z is

equal to d we have perfectly conducting walls.
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E,=0atz=0 = At = —A"
Et =0atz=d
~ E:(x,y,d) = —8(x,y)A*2j sin Bppd = 0
ForA*™ #0
Bmnd = lm  wherel =1,2,3 ...

=~ For a rectangular cavity, the wave number

o = 2+ (22 ()

: . 2
For b < a < d, the dominant resonant mode is TE;,; and d = 79 for TE,, mode.

Resonant Frequencies of Rectangular Cavity

E=0atz=0 =At=-A by
[ft =0atz=d
: &Y
a Ey(x,y,d) = —€(x,y)A*2j sin ypd = 0 6
ForA* #0 : /
Pund = lm where [ =123 ...
» For a rectangular cavity, the wave number A
2 2 I\ For b<a<d , the dominant
mm nmw m
Kont = (—) + (——) +(— resonant mode is TEyg; and d = b
a b d ; 4
for TE; o mode.

And therefore, the tangential component E t tangential field has to be 0 at Z is equal to 0 and
this condition will give A plus equal to minus A minus. E tis also 0 at Z is equal to d here and
this condition once we substitute A minus to be equal to minus of A plus and divide throughout
by 2j here in this term if we substitute A minus to be equal to minus of A plus then we can take

A plus outside and divide numerator and denominator by 2j.

In that case we get E t X, y, d to be equal to minus e x, y A plus 2j sin beta mn d and that must
be equal to 0 here and sin beta mn d equal to 0 this implies that beta mn d is equal to | pi where

I is equal to 1, 2, 3. And therefore for a rectangular cavity now we can write the wavenumber



kmni Which is equal to m pi by a whole square, n pi by b whole square plus | pi by d whole

square.

And therefore, for a rectangular cavity we can write the wavenumber Kmni as under root m pi
by a whole square plus n pi by b whole square plus | pi by d whole square. Now, whenever we
have this b less than a and a less than d the dominant mode will be TE1o: and this dimension d

will be lambda g by 2 for the TE1o mode.
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For TE,,; mode we can write the field components as follows:

X . .
E, =A* sin;(e‘fﬁz o))
At nx . .
H, = ———sin— (e /F? + ¢JF?)
ZTE a
_jmA"

f cos%(e‘jﬁz — e/h?)

"~ kna
We have seen that for TE;, mode

X .
H, = A4, cos;e‘fﬁz

—jwua . TX

Ey = A10 Sln;e_jﬁz
jBa . mX .
H, ==——A;osin—e /F?
x L Z1o n p
H,=E,=0
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T 10
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Unloaded Q of TE;; mode

For TE;; mode we can write the ficld We have seen that for TE,, mode
components as follows:
X 1 o,
E =4A* sm;(e 1Bz - gl2) H, = Ay cos;e"ﬁ’
ATy » ~jwua md
Hy = = —sin— (e~/#* 4 ¢/F?) Ey= 2 Ay sin— e~ IP?
TE E a
jIIA+ nx, _. : _.} a . TX -jpz
H, =—cos— (e~ iFz - giPz) Hy ==—A,ySin—e
““kna T a ( ) o a
‘ Hy=E,=0
jopa
; A=A v wp = kn
n_jA'm wit
DAy =jAt —=— =—
M0 =08 e ™ T TETp

Now, let us calculate the unloaded Q of TE10 mode. For TE1g mode we can write the field
components E y component we can write A plus sin pi x by a e to the power minus j beta z
minus e to the power j beta z. so, this is the wave that is traveling in the plus z and this is in the
minus z-direction. And similarly we can write H x is equal to A plus by z TE sin pi x by a e to
the power minus j beta z plus e to the power j beta z and we can write H z in this particular

form.

Now, how we can put these forms? Because we have seen TEip mode, for TE1o mode we had
H z is equal to A 10 cos pi x by a e to the power minus j beta z and E y minus j omega mu a
divided by pi A 10 sin pi x by a e to the power minus j beta z and H x is equal to j beta a by pi
A 10 sin pi x by a e to the power minus j beta z. These expressions we have already seen in our

discussion on dominant TE 10 mode of a rectangular waveguide.

Now, what we do? We are writing A plus for this term minus j omega mu a by pi if you compare
E y from here and E y from here and therefore A 10 becomes j A plus pi by omega mu a and
this can be written as j A plus pi by k eta a. Since we have omega mu is equal to k eta and now
you can see that here in this expression H z is A 10 and A 10 in terms of A plus it is j pi A plus

by k eta a.

So, this is how we are writing the same field equations what we studied earlier in slightly
different form. Similarly we can see that H x can be put in the form of minus A plus divided
by Z TE sin pi x by a e to the power minus j beta z plus e to the power j beta z and this Z TE is
actually omega mu by beta. So, this expressions we have already seen earlier and using this

expressions we can write the E y, H x and H z field components in the form shown here.



It may be noted that in this expressions we are only considering the waves which are traveling
in the plus Z direction, in cavity we consider the waves which travel in plus Z as well as minus

Z direction.
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X . .
E, =A* sin;(e‘fﬁz o))
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o 247
Substituting E, = 5 we get

E Eosi nx _ Ilnz

= E, sin—sin—

y R0t d
JE, . mx lnz

H, = ——sm—cosT

ZtE
JjmE, nx _ Ilnz

= cos — sin—
2 kna a d
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€ . 5
Wo=7] EvEydv=—qzIE|

At resonance,
M/e = Wm

Unloaded Q of TE;(; mode

By = A*sm;( ~If — lf)

A 162 4 oIF
= i (o= JB2 4. olB2
H, lrh sinm = ( +elh?)
A X g e
H,_k'mcosa(c elf?)
_ut eabd
Substituting £, , e get j EyEy dv = — |Eu|2
S nx nz
i, = Ey sin—sin—
y ‘() a d
JEy  mx lnz
Hy =~ Z—T;sm~a—c057 At resonance,
_;nE(,' mx . Iz
Hy = T cos—sin— W = Wy



So, we have E y, H x and H z components defined. So, if we substitute E naught is equal to 2A
plus by j that means A plus is equal to E naught j by 2 then we can write E y to be equal to E
naught sin pi x by a and this can be written as sin | pi z by d because we have seen that beta
becomes equal to | pi by d. Similarly, we can write H x to be equal to minus j E naught by Z
TE sin pi x by acos | pi zbydandH zis j pi E naught divided by k eta a cos pi x by a sin | pi
z by d.

So, once we have these field components written in this form what we can do? We can find out
the electric energy that is stored within the cavity, inside this electric field E y and that can be
computed as epsilon by 4 an it is volume integral E y E y conjugate dv and when this
expressions for the E y field component is substituted and we evaluate this integral over the
volume of the cavity that means 0 to a, 0 to b and 0 to d respectively being the variation of a x,
y and z we get this expression. And we know that at resonance stored electrical energy W e is

same as stored magnetic energy W m.
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Case I. The dielectric is perfect but cavity walls are slightly lossy

The power loss on the conducting walls can be found as

R
p== |H,|%ds
2 walls
Who
=420

The conductor loss can be found as

b _ R,EZ2% (12ab 4 bd 4 12a N d
< 8p? d2  a? 2d 2a

_ 2wl
c PC




Unloaded Q of TE;; mode
Case L. The dielectric is perfect but cavity walls are slightly lossy

The power loss on the conducting walls can be found as _
R Surface resistivity
Pi= 7'[ [H,|*ds of metallic walls
walls

[Wtg
\ 20
The conductor loss can be found as
REZA? (Pab bd 1*a d
= [t St
82 \d* a® 2d 2a
20)014{,
0=—5

Now, we consider the case when the dielectric is perfect but the cavity walls are slightly lossy.
So, what we can do? We can find out the power loss on the conducting walls and that can be
found out as P c is equal to R s by 2 integrated over the walls we have six walls and at each
wall we find out mod of H t square ds and R s the sheet resistance for the conductors it is given
by omega mu not by 2 sigma it is the surface resistivity of the metallic walls and we can find

the conductor loss.

So, when we substitute these field components, tangential field components when we substitute
tangential magnetic field components in this expression and find out the power loss in the
individual walls and then add them together this is the expression for the conductor loss and
we can now define Q ¢ which is equal to 2 times W e this is the energy stored multiplied by

omega naught and divided by P c the power dissipated in the conductors.
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Case I1. The dielectric is lossy but cavity walls are perfectly conducting.
€ =€ —je" =€ye,(1 —jtand)

Power dissipated within the dielectric volume is

10 5 5, we" 5
Pd:f[ ]EdU:Tf |E| dv
14 14

_abdwe"|E,|?
B 8

Q4with lossy dielectric but perfectly conducting wall is

e'abd
2(A)T|Eo|2 e 1
Qa = abdwe"|Ey)> €’ tand
8

Unloaded Q of the cavity is

1 147!
Qo = (Q_c + Q_d)
Unloaded Q of TE;; mode

Case 1. The dielectric is lossy but cavity Qg with lossy dielectric but perfectly

walls are perfectly conducting, conducting wall is
! ] ' \ !
e=€'—je" = €€ (1—jtand e'abd . |,
J 0 r( J ) 20 T |E()|z ¢ 1
" abdwe"|Epl> T € tand

Power dissipated within the dicleetric volume

1S
"

Py = 1 J.E'dv = e |E|*dv Unloaded Q of the cavity is
2y 2y

1 1
abdwe"|Ey|? Q=[=+—
= ; Q Q4

In the second case we consider the dielectric to be slightly lossy but the cavity walls are
perfectly conducting and in that case we can write epsilon to be equal to epsilon dash minus j
epsilon double dash and this we can write as epsilon naught epsilon r 1 minus j tan delta where
tan delta is the loss tangent and power dissipated within the dielectric volume can be found out
as P d equal to half volume integral of J dot E conjugate dv and this is becomes omega epsilon

double prime divided by 2 volume integral of mod of E square dv.



And from there, if we substitute the expression for electric field we get abd omega epsilon
double prime E naught magnitude square by 8. So, Q d with lossy dielectric but perfectly
conducting wall can then be found out. So, 2 epsilon prime abd by 16 mod of E naught square
this gives the total stored energy multiplied by omega and we have found out P d so we
substitute the expression for P d.

And then we get a very simple relation for Q d which is equal to epsilon prime by epsilon
double prime and this becomes equal to 1 by tan delta. So, we have seen for the two cases when
the dielectric is lossless but the waveguide walls are lossy and in the second case when the

waveguide walls are perfectly conducting but the dielectric is slightly lossy.

So, we can find the overall unloaded Q, Q naught as we have seen in the earlier case 1 by Q
naught will become 1 by Q ¢ plus 1 by Q d and therefore Q naught will be 1 by Q c plus 1 by
Q d whole rest to the power minus 1.
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Since the dominant mode of circular waveguide is TE,;, the dominant mode of the circular

waveguide cavity is TE 4.
For TM modes, the mode with the lowest cut off frequency is TMy; mode.

The resonant frequencies of TE,,,; and TM,,,,,; modes of the circular waveguide cavities can

be found as follows:
Ei(p,0,2) = 8(p, 9)(A* e IPrm? 4 A= ebum?)

For TE,,,,, mode

For TM,,,, mode

Prm = k? — (pn_m)



Circular Waveguide Cavity Resonator

Since the dominant mode of circular waveguide
is TE;;, the dominant mode of the circular
waveguide cavity is TE; ;.
For TE,,,, mode

S : 2
For TM modes, the mode with the lowest cut it

e D = [ [
off frequency is TM; mode. Bam

For TM,,,,, mode
The resonant frequencies of TE,,, and TM,,,, [ ——
modes of the circular waveguide cavitics can be Bum = k2 - (l’ﬂ'_") ,
found as follows: a

E‘(p’@,z) = é(p, Q)(A“e‘/ﬂmnl + A-e}'lfan)

Let us now discuss about the circular waveguide cavity resonator. Since the dominant mode of
circular waveguide is TE 11, the dominant mode of circular waveguide cavity is TE 111. For TM
modes, the mode with the lowest cut off frequency is TM oz in a circular waveguide. Now, we
can write the tangential component of the electric field in the same manner in terms of the
transverse coordinates rho and phi and also a wave traveling along plus z and minus z and we
use this to find out the resonant frequencies for the TE nmiand TM nmi modes of the circular

waveguide.

For TE nm mode, we have beta nm is equal to k square minus P prime nm by a whole square
we remember that this term it is the roots of the derivative of Bessel function and for TM nm

mode we have beta nm is equal to under root k square minus P nm by a whole square.
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E,=0atz=0
We have
At = —-A"
Et =0atz=d
We have
sin Bpmd =0

Bmnd = lmr  wherel = 1,2,3 ...

For the resonant TE,,,,;; mode

o = e | (22) + ()
ke e A\ a d
For the resonant TM,,,,,; mode

nm 2 l 2
P T

Circular Waveguide Cavity Resonator

B =0atz=0 For the resonant TE,,,,, mode
We have
At =-A" 2 2
= b Pnm In
E=0atz=d fnml‘zn_\/m e il
We have
sinfumd = 0 For the resonant TM,,,,; mode

Prmd = Im where [ =1,2,3... - = ) L"

2 2
famt =2”\/i‘r—fr (‘(’l‘) (d)

From the condition that E tangential is equal to O at z is equal to 0 we get A plus is equal to
minus A minus. Now, when this condition is substituted for the expression of the tangential
electric field we will get a term which is sin beta z and we know that E t will have to 0 at z is
equal to d and that means sin beta nm d should be equal to 0 and from there we get beta nm

should be equal to I pi.



And therefore the resonant TE nmimodes, we have the resonant frequency given by f nmi is equal
to ¢ by 2 pi root mu r epsilon r P prime nm by a whole square plus | pi by d whole square. And
that for the TM nmi mode we have f nmi is equal to ¢ by 2 pi under root epsilon mu r P nm by a

whole square plus | pi by d whole square.
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Circular Waveguide Cavity Resonator

Q factor for the cylindrical cavities can be found
in the same manner as in rectangular cavities.

The Q factor for the cylindrical cavities we can find out adopting the same procedure and
considering first lossless dielectric and the cavity walls are lossy and then we can consider the
Q factor for the cylindrical cavities can be found in the same manner as in the rectangular
cavities and we can first consider, the case when the dielectric is lossless but the cavity walls
are slightly lossy. And then for the second case when the cavity wall is perfectly lossless
whereas the dielectric is slightly lossy and then find out the unloaded Q as in the case of a

rectangular cavity.
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Circular Waveguide Cavity Resonator

Q factor for the cylindrical cavities can be found
in the same manner as in rectangular cavities.

Cylindrical cavity operating at TEq;; mode is
often used for frequency meters because of its
higher Q

The cylindrical cavity operating at TE o011 mode is often used in the frequency meters because
of it is higher values of Q, this type of frequency meters are used in as direct reading type
microwave frequency meters. So, we have seen different types of resonators the transmission
line and waveguide type resonators, and we have seen how near resonant frequency. We can

find an equivalent RLC representation for a transmission line type resonator.
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Power Dividers, Directional Couplers
and Filters

In the next module we will discuss about power dividers, directional couplers and filters.



