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Chebyshev's Inequality

Let us discuss an important inequality known as Chebyshev's inequality. It has wide
applications, and later we will explore some of these applications. It states that if X is a
random variable with mean p and variance o? then for any & > O:

P(X-pul>¢)<o*/&x

Let X be a random variable with mean p and variance o® For any & > O,

P(X-pul>¢e)<o*/&x
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Chebyechev’s Inequality

If X is a random variable with mean 1 and variance 2, then for any
positive number ¢, we have

2
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In other words, this inequality provides a bound on P(X taking values outside the range
[1 - & p+ €]). This probability is:
P(X-p>¢)<o?/e.



Now, let us prove this; it is not very difficult. Consider X as a continuous random variable,
and then we will use integration. For the discrete case, the proof involves summation, but
the approach is very similar.

Let X be a continuous random variable with the probability density function FX(x).

Now, what is 6?? By definition:
6 = Var(X) = E[(X - p)*],
where p = E[X].

Therefore,
62 = [ from -oo to +oo [(x - p)* * f X(x)] dx.

This is the formula for variance. Note that this is the sum of positive numbers. Since f_X(x)
>0 and (X - p)* > 0, all values in the integral are positive.

If we perform the integration over a subset of real numbers where |X - p| > ¢, the integral

will also be > a certain amount, as we are adding positive terms without cancellation.

In this region, [X - p > ¢ implies (X - p? > €. Therefore,
[ (over [X - p|>¢€) [(x - p)? * £ X(x)] dx > * [ (over [X - p| > ¢) [f X(x)] dx.

Simplifying further:
o?>e2*P(X -yl >¢).

Rearranging:
P(X-p>¢e)<o?/ e

This proves Chebyshev's inequality. The proof is straightforward; you can review it again
if needed.

Now, we will see how this inequality can be utilized.
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This inequality is important. Let us look at a numerical example:

A pair of dice is thrown 600 times. Let X = number of 6s obtained.

So, when you are throwing a pair of dice 600 times, X represents the count of outcomes

where a 6 appears.

For a pair of dice, the probability of getting a 6 on a single die throw is:
P(6) = 1/6.

The number of times a 6 can occur is related to P(X = 6). Since the dice are fair,
P(6) = 1/6.

Example NPTEL

A fair die is thrown 600 times, Let X be the number of sixes obtained.
Find a lower bound of P(80 < X < 120).




Now, suppose we consider another random variable, Y. This is the result after each die
throw. X represents the random variable for the number of 6s. Specifically, for each
individual throw, the probability of getting a 6 is 1/6. However, X represents the total
number of 6s after throwing the die 600 times.

So, we have Y_i, where i ranges from 1 to 600. We know that this follows a binomial
distribution with parameters n = 600 and p = 1/6, where 600 represents the number of trials
and 1/6 is the probability of getting a 6 on each die throw. Now, we are asked to find the
lower bound of this value. Let X represent the number of 6s. Therefore, X ~ Binomial(n =
600, p = 1/6).

We need to find the lower bound for P(80 < X < 120). So, we are asked to find the lower
bound. Let's write down the problem: find the lower bound of P(80 < X < 120). So, now X
can be, sorry, 80 < X < 120. This probability is always > 0, but we are looking for a non-
trivial lower bound.

How can we find this lower bound? Now, let us find the expected value of X. So, the mean,
denoted as , is equal to E[X]. We know that for a binomial distribution, E[X] =n x p. In
this case, n = 600 and p = 1/6.

So, 600 x (1/6) = 100. Now, what is the variance, 6?? The variance of X is given by n X p
x @. In this case, 600 x (1/6), and g =1 - p =5/6. So, q =1 - (1/6) = 5/6. Now, we can
simplify this.

So, 600 x (1/6) = 100. Let's keep it as 500/6 for now, and we will simplify it later if needed.
So, this is the value of . Now, Chebyshev's inequality says that |X - p|. So, what is |X -

u?
Here, we want P(80 < X < 120). This is equal to P(-20 < X - 100 < 20). Essentially, the
probability is that |X - 100| < 20.

Now, this is equivalent to 1 - P(]X - 100| > 20). So, for this case, we have some device. By
Chebyshev's inequality, we know that for any € > 0, P(|X - u| > €) < 62/ €2. Now, if you
subtract both sides, we will get 1 - P(|X - u|>¢&)>1- 02/ €%
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First, we can subtract this, and it will be > 1 when we add 1. So, this is nothing but another
version of the same thing. It is essentially the complement of |x - p| <&, whichis > 1 - 6%/

82

Now, here you can see that we want to find p = 100, and we want to know what this is. So,
let’s keep it as it is, because we can use these things from Chebyshev's inequality. This is

another way of writing it, and we’ve also found the lower bound.

It’s the upper bound for this case, and we did that for the complement part as well. Hence,
we want [x - 100| < 20. So, € = 20, and we also know that 6> = 500/6. Therefore, we can
calculate the probability that |x - 100] <& = 20. This is > 1 - (62 = 500/6) / (€2 = 20?).

So, then we cancel this out. We get 1 - 5/24, which simplifies to 19/24. Hence, what do we
have finally? We were looking for the lower bound of this probability, and that is the
answer. This is the lower bound of the probability.

This probability is the same as this probability, and the same as this probability. Finally,
what did we find? Using Chebyshev's inequality, we found that it is > 19/24. This is one
application of Chebyshev's inequality. We will discuss more applications later, as we
continue learning.

Most of the parts of this course have been completed. The remaining topics we will discuss
include the notion of convergence. Some of the random variables and related laws, such as
the law of large numbers, will be discussed. We will also cover the strong and weak laws
of large numbers, along with the central limit theorem. The course will be completed with
additional numerical examples.
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