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1. Linearization and Directional Derivative

+ Properties of Directional Derivative

The last property i.e. the chain rule of directional derivative is explained in more detail now as it is
often not easy to interpret

Consider the statement
= G(x + ) = Glx;) + DG(xo)[u] Eq.(25)
———— o~ e~
Qur given function is
6(x) = G1(62(x)) =
N

Using x =X, + uin Eq. (26) gives

G(xo + u) = G1(Ja(xo + u)) Eq. (27)
—_~— Sy

So, the last property of directional derivative that is the chain rule of directional derivative
which we saw in the previous slide is now explored in more detail because it is not very easy
to interpret ok. So, consider this statement given by equation 25 ok. So, the quantity G
evaluated at x 0 plus u and when expanded using Taylor series can be written as the quantity

evaluated at x 0 plus the directional derivative of quantity G at x 0 in the direction u ok.

So, now our given function is G equal to G 1 and G 1 is a function of G 2 and G 2 is a

function of x. This is shown by equation 26 ok. So, now, using equation 25 for G 2 ok, we can



write G 2 ok. So, G 2 is x 0 plus u ok, we want to get the directional derivative of G at x 0
plus u. So, using equation 25 for G 2 ok, we see G 2 is G 2 x 0 plus directional derivative of G

2 at x 0 plus u ok.

(Refer Slide Time: 02:03)

1. Linearization and Directional Derivative

+ Properties of Directional Derivative

Using\%{g}"‘%@ @ (%o“*)
i .

Gixo + ) = 6, =)

Now we can linarize G at Qz(xo} in the of the direction of the increment  DGa(Xo)[u] gives
2L s ———

2 f}_: 64(@(})) G(xo + u) ~ G1(Ga(xo)) -;gl Eq. (29)

N~/

(W)[Dgz(xo)[u

D @C'ﬁo)[’“ﬂ

Therefore, substituting this expression over here; so, this was nothing but G 2 x 0 plus u ok.
So, this is the Taylor series expansion of G 2. Now, you can imagine G 2 is say another
vector. It is another vector and this term over here is the direction ok. So, now, if you have to
do the Taylor series expansion of G 1 in the at the point G 2 ok, in the direction given by this

second term ok; so, that would be ok.

So, it means you have to linearize G 1 and G 2 x 0 ok, in the direction of G 2 evaluated at x 0

in the direction u ok, that is the directional derivative of G 2 in the direction u ok. So, when



you do this, what do you get? G 1 evaluated at G 2 plus the directional derivative of G 1

evaluated at G 2 x 0 in the direction of the directional derivative of G 2 ok.

So, now, you can see if G is G 1, G 2 x ok. Now, I am putting only one under bar because I
just want to show that this is not a scalar; I mean need not be scalar, it can be vector, tensor
whatever ok. So, the directional derivative of this quantity G over here ok, which is given by

G 1 function of G 2 function of x is nearly G 1 evaluated at the point G 2 ok, x 0 ok.

Then, plus the directional derivative of G 1 at G 2 x 0 in the direction of the directional
derivative of G 2 at x 0 in the direction u ok. So, that is what our this statement ok, that was

our last property equation number 24, that is what this means ok.
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(@If G(x) = Gi(x) + Gs(x) then

DG(xo)[u] = DGa(xo)[u] + DGa(xy)[u] Eq. (22)
(b)If  G(x) = Ga(x) - Go(x) then

DG{xo)[u] = DGy (xo)[u] - Ga(xo) + Gu (o) - DGa(xo)[u] Eq. (23)
©)If  G(x)=Gi(G:(x)  then

DG(xo)[u] = DG1(Ga(xa))[DGa(xo)[ul] Eq. (24)
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So, equation 24, this is your directional derivative and therefore, you can see this is nothing
but your directional derivative of G evaluated at x 0 in the direction u ok. That is how that
property equation 24 actually came ok. So, you can understand what this quantity actually
means ok. So, next we move to one example ok; we look actually two examples of application

of directional derivative ok.
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1. Linearization and Directional Derivative

Example 1 : Using the concept of directional derivative derive the equilibrium equation for the

system shown in the figure
Fext
=)

2

O .0 .

= =

The potential energy of the system, II is given by

=

—;7 H(XO) & Hspring l(x(]' T Hspriug Q(XO) - VVexL(X(]) Eq (30)

2y %0 = a2 (g
11

where
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So, the first one is pretty simple ok. We just take the concept of directional derivative and we
try to derive the equilibrium equation for the system as which is shown here ok. So, here what
you have? You have two springs which are connected in series ok. So, the string spring
stiffness of the first spring ok, there is a first spring, this is the second spring is k and the

stiffness of the spring 2 is also k ok. At point 2, you have an external force which is applied



ok. And say let x 1, x 2 are the displacement or the coordinates of points 1 and 2 after the

equilibrium is achieved ok.

Now, we want to derive the equilibrium equation for this system using the concept of
directional derivative ok. So, the first thing, we have to do is we write the total potential
energy of the system ok. Now, the total potential energy of the system at equilibrium will be
the potential energy of spring 1 at equilibrium position plus potential energy of spring 2 minus

the work done by the external forces ok.

What are the expression for the potential energy for spring 1, spring 2 and the external work
done ok? So, that we have to see next. So, remember x 0 is a vector which is x 1, x 2 ok. It is
x 1, x 2 ok. So, this is not a non-linear system, this just a linear system; but to show that how
directional derivative can be use to get the equilibrium equation, we have taken up this

example ok.
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Example 1 : Using the concept of directional derivative derive the equilibrium equation for the
system shown in the figure

The expressions for the terms of the right hand side of Eq. (30) can be written as

1
//7 Hspring I(XO) = 5’51%

—

=2 Doring2(0) = gh(zz - ) Eq. (31)

e~

)

=7 Welxo) = Fexa

Next the expression for the potential energy for the spring 1 will be nothing but half k x
square, where x is the displacement of spring 1 ok. So, what is the displacement of spring 1? It
is x 1 minus this displacement at this point ok. Now, this is a fixed tend, so it does not get any
displacement. The spring does not have any displacement at this point, so the potential energy

of the spring will be half k x 1 square.

Now, the potential energy of spring 2 will be half k and the displacement square ok. So, the
displacement of spring 2 will be x 2 minus x 1 ok. So, you have half k x 2 minus x 1 the whole
square and the work done by the external forces will be F into x 2 ok. So, now, you can
substitute equation 31 in equation number 30 and you can get the explicit expression for the

potential energy of the system ok.
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Example 1 : Using the concept of directional derivative derive the equilibrium equation for the
system shown in the figure

S+
Now, consider an increment ir@i.e. displacementgas u= [ul, ug]T 7_‘_-4"* 'Eo"i M 5 ‘4\}
The potential energy T1(xp + u) = Mypring 1(X0 + W) + Mpring 2(X0 + w) = Wewe(Xo + u) Eq. (32)
becomes A~ S—— e— Ne——ne—
where Hspring I(XD F U) = k(-lll + ul)z

4
2
! Eq. (33)
2

=
4 Hspring Q(XO + ll) = k(Iﬁ_UZ - - u1)2
¥

Lcht‘:XO) = chL(ZQ aF u?)

Now, you consider an increment in x ok. Now, from the equilibrium point there is a
displacement u ok, where u is given by u 1, u 2 transpose ok. So, vector. So, now, from the
equilibrium position, now if there is a displacement u. What will be now the change in the
potential energy of the system? So, whatever happened? From x, you have gone to x plus u

ok. Now, the total potential energy of the system will be evaluated at x 0 plus u ok.

So, you have potential energy of the system at x 0 plus u. The new point will be is the
potential energy of spring 1 at the new point plus potential energy of spring 2 at the new point
minus the work done to get to the new point by the external forces ok. Therefore, you can get
the expression for the potential energy of spring 1 as half k x 1 plus u 1 whole square ok. So,
if you see this expression over here, this is nothing but x 1 x 2 plus u 1, u 2. So, the resulting

expression would be x 1 plus u 1, x 2 plus u 2 ok.



So, in your previous expression for potential energy, you just have to replace x 1 by x 1 plus u
I and x 2 by x 2 plus u 2 and the potential energy for spring 1 will be half k x 1 plus u 1 the
whole square plus halfk x 2 plus u 2 minus x 1 minus u 1 the whole square and the work done

by the external forces is F external into x 2 plus u 2 ok.
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system shown in the figure

Expanding the potential energy using Taylor series gives

lss + ) = 1x) 4[] Eq.(3)

1{xy + nu) Eq. (39)
—

Where

=7 Dl -

n=0
A+ %*}Z‘Q‘FUUZ

So, now, you can expand the potential energy at the current position using Taylor series and
that is what you get ok. So, the potential energy at the current position x 0 plus u will be
nearly equal to potential energy at x 0 plus the directional derivative of the potential energy at

x 0 in the direction u ok.

Therefore, you can use the concept of directional derivative and this is a expression how you
compute the directional derivative. It is given by d by d eta at eta equal to 0 pi of x 0 plus eta

u ok. So, here to compute this expression x 1 has to be replaced by x 1 plus etau 1 and x 2



has to be replaced by x 2 plus eta u 2 ok. So, if you do this, you can compute the directional

derivative ok.
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1. Linearization and Directional Derivative

Example 1 : Using the concept of directional derivative derive the equilibrium equation for the
system shown in the figure

DIl = ke + Ko = 1) — ) - Eq. (7

Let us see what do we get ok. So, that is what you get. Youreplace x 1 by x 1 plusetau 1 x 2
plus eta u 2 and then, this is the expression for the potential energy ok, that is what you get.
And now, it is very simple, you take the first take the derivative of this expression with respect

to eta and then, u substitute eta equal to 0 ok.

So, this I leave it to you. If you do this, what you will find? You will find that the directional
derivative of the total potential energy of the system at point x 0 in the direction u will be k x 1

u 1 plus k x 2 minus x 1 into u 2 minus u 1 minus F u 2 ok.
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Example 1 : Using the concept of directional derivative derive the equilibrium equation for the
system shown in the figure

We can then compute the directional derivative as

D] = ! (Kx - B| & = 0 Eq. (38)
% -k 0
where K = Z lc} F= {F} Eq. (39)
—_— N~

Note: that the directional derivative given by Eq. (38)js_linear in u whereas the potential energy function given by Eq.
(30) is a nonlingar function in @In this way we can say that the potential energy function has bee dWith

respect to u

Now, this expression can be written in a matrix form. It can be put in a matrix vector
multiplication form as u transpose bracket K x 0 minus F, where K is called the tangent matrix
and F is called the external load vector and equation 39 gives you the expression for the
tangent matrix and the force vector ok. So, that is what you get for the value of directional

derivative of the potential energy computed at x 0 in the direction u ok.

Now, you note that the directional derivative which is given by equation number 38; this
equation is linear in u whereas, if you see the potential energy function which was given by
equation 30, it is a non-linear function in x ok. So, in this way, we can say that we have
linearized the potential energy function with respect to u ok. So, this point you note equation

38 is linear in u ok.
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Example 1 : Using the concept of directional derivative derive the equilibrium equation for the
system shown in the figure

In the structure attains equilibrium when the total potential energy become: i.e., the gradient of the
total potential energy vanishes for any direction u. This means that the directional derivative should be zero.

[P =] 3

From Eq. (38) this means that

2y (R & epubinin b

S
Note: In practical situations, the external Ioad@s applied in a series of increments as F = E AF Ef“

So, now the structure will attain equilibrium, when the total potential energy becomes
stationary ok, that is the gradient of the total potential energy vanishes in any direction u. This

means that the directional derivative should be equal to 0 at point x 0 and any direction u.

For all directions u, the directional derivative of the total potential energy evaluated at the
equilibrium position should be equal to 0 ok. So, now, if you see equation number 38 and
now, if you substitute this equal to 0, what do you see? u is a arbitrary direction, I mean it was

up to us.

So, if u transpose K minus K x 0 minus F has to be equal to 0, what does it mean? That K x 0
should be equal to F and this is your equilibrium equation, this is your equilibrium equation ok.

So, you see here how the concept of directional derivative has held us in deriving the



equilibrium equation for the two spring system under the action of one external force with

equal spring stiffness and the final expression is given by equation number 40 ok.

So, now, in actual practical application this external force over here ok. This will not be
applied in one shot ok. What will you do is the total force will be a high magnitude, so it will

be split into smaller loads ok.

So, this total load F will be applied in increments which means F will be summation from i
equal to 1 to n delta F i ok. So, you will have F equal to delta f 1 plus delta f2 all the way up
to delta fn, where N is called the number of load steps ok; N is call the number of load steps

ok. So, this also called the incremental approach ok.

(Refer Slide Time: 17:32)
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+ Exmaple 2: Directional Derivative Applied to Solution of A System of Nonlinear Algebraic Equations

Consider a set of nonlinear algebraic equations given by

7 1) = (1), X, B, e fal@)]” Sl
i P

where X = [v1, 29, T3, ... Ty
\.—v-\____/

Out aim s to find solution of Eq. (41). Say this solution is given by x,.

Explicitly, we can write Eq. (41) as

filey, o, 23, ...
fala, o, @3, ...

Eq. (42)

Jn(@1, 72, 3, ..
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Next, we look into the application of directional derivative to the solution of a system of
non-linear algebraic equations that is what we are going to get in non-linear finite element
method ok, displacement base non-linear finite element method ok. So, consider you have a
set of non-linear algebraic equations which is given by equation number 41 ok, where f is a
vector function ok; f'is a function of another vector x, where fis f 1 comma f2 comma f 3 all

the way up to fn ok.

So, there are n such functions ok. So, explicitly ok, these are these equation 41 can be written
as n such equations f 1 which is a function of x 1, all the way up to x n equal to 0; f 2 function
of x 1 to x n all the way equal to 0; like this the last equation is f n which is a function of x 1, x

2 all the way up to x n equal to 0 ok.

So, where the vector x is expressed as x 1, x 2, x 3 all the way up to x n. So, they are n
unknowns ok. We have n equations; we have n unknowns and these are non-linear algebraic

equations. So, that is what our aim is we want to find the solution of equation number 41 ok.
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Then, the directional derivative of f(x) at solution point X, in a general direction u = [uy, uy, 3, .. .un]T
g -_—
is given by

d ( \
77 Df(xp)[u] = T f(xo + u) Eq. (43)

=0
P

Eq. (43) can be evaluated for Eq. (41) as follows 4
. d
D = g fo = Jy

- K& @AA/ Eq. (44)

Now, let us say this solution is given by x 0 ok. So, how do we approach ok? So, what we do
is we take the Taylor series expansion of the function ok, like similar and we look into the
directional derivative of our function at solution point x 0 in any general direction u which is
given here. And then, the directional derivative of f evaluated at the solution point x 0 in the

direction u will be d by d eta of f evaluated at x 0 plus eta u at eta equal to 0 ok.

So, now can we simplify equation 43 for our given set of non-linear algebraic equations? So,
let us see how you can do that ok. So, the first we can write the expression for directional
derivative and then, this f for here is nothing but what is given by equation number 42 in the
previous slides ok. See you have these n equations ok. So, using chain rule you can write ok.

So, using chain rule, you can write summation over i equal to 1 to n del f' by del xi evaluated at



the equilibrium or at the solution point into d by d eta of x 0 plus eta u i ok. This evaluated at

eta 0. This is your using chain rule because f depends on x 0 plus eta u ok.

So, you can write this as d by d eta of eta equal to 0 to look it more closely, let us say this is x
ok, where x is x 0 plus eta u. So, f'is a function of x and x is a function of eta. So, if you have
to take del f by del eta, it would be del f by del x into del x del eta that is what we have done
in the second step. Now, here if you see this expression, the first term is independent of eta

and the second term only has eta. So, if you take this derivative, you only get u i ok.

So, the from the second term, you only get ui; eta equal to 0 have no meaning here. Because
once you take the derivative with respect to eta, there is no eta left into the final expression
ok. So, then what do you get? You get summation del f by del xi into ui. This you can write as
a matrix K evaluated at x 0 into a vector u ok. So, this term over here ok. So, this term over
here is nothing but your matrix K and the second term over here is nothing but your vector u

ok.
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where, the tangent matrix K(X) is given by
12 [0h(x) 0h(x) 0h(x)]

611 012 c%rn

PR onw) opt  0n)

61‘1 612 o 3332

¥ Kixg) = Eq. (45)

T :) 3f,,(x) af%(x) 8fn(x)

L 0r oy 7 Bmﬂ_

Consequently, we can set up the Newton- Raphson iterative procedure as

— (Ko J)- K_ﬁ)/ 2, . Eq. (46)

= t(,xk-H =X+ uz Kp= X+U Eq (47)

Now, this matrix K is also called the tangent matrix ok. So, in traditional linear finite element,
sometimes the term stiffness matrix is used; but in the context of non-linear finite element or

non-linear algebraic equation, it is the term tangent matrix which is commonly used ok.

Now, what is K ok? K is the first row, if you see is del f 1 by del x 1 ok; second is del f 1 by
del x 2 all the way up to del f 1 by del x n. So, this is your first row. The second row is del f 2
by del x 1, del 2 by x 2 all the way up to del f 2 by del xn like this the last row, the nth row
ok.

So, this was your first row; this is your second row; the nth row will be del fn by del x 1, del
fn by del x 2 all the way up to the del fn by del x n evaluated at x equal to x 0 ok. So, once

you know this tangent matrix ok, you can set up the Newton Raphson iterative procedure ok.



So, how do you start? You have some initial guess say we have some initial guess; so, here K.
So, we have some initial guess x 0 and then, we want to find out the solution of our system of
equation. So, what we will do? We will start with finding the tangent matrix at x 0 and then,

using this equation number 46, we will find out the increment u ok.

Now, because K was 0 ok; so, K was 0. So, x 1 will be; x 1 will be x 0 plus u. Now, once you
have x 1, you can recompute the tangent matrix at x 1, you can recompute your given
non-linear algebraic equation at x 1 and then, you can then, recompute u. And, then you can
get x 2 as x 1 plus u and like this you will keep on doing and there is certain stoppage criteria

ok, we will see.

Today, we will going to see the algorithm ok. The next one is the algorithm, once a stopping
criteria is met, you will say that particular value of x, where this stopping criteria is met is your

solution ok.
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The general algorithm for Newton-Raphson procedure can be written as

+ Step 1 - INPUT the function f = [f,, f,, ..., f,]’
. Sleg 2- INPUT@, COMPU
+ Step3- INITIALIZE&_X’U, u=0

—

+ Step 4 - SET Iteration counter N = 1 ; maximum Newton-Raphson iteration 3 N,,,,J; Tolerance = TOL;
esidual value R to a large value when compared to TOL ST

+ Step5-1-DOWHILE R>TOL ANDN<N P 467'%73—2

\Mgax
* Step5-a- COMPUTE K(x), fix) &— 4 %: lDé

e~

* Step5b-SOLVE K(x)& )
o

I'4
L] G — — 0 o M
Step 5-c- UPDATE x=x+u & %/ Zw+ U o
* Step 5-c- COMPUTE R=| f(xo)||;SETN=N+1a

+ Step5 - 2- ENDDO WHILE Mool / f(”,'*’) I
¢+ Step6-OUTPUT: IF N <N, X; ELSE “Newton-Rapshon did not Converge’

So, for the given second example that we have seen, this is the general algorithm for the
Newton Raphson, Newton Raphson procedure ok. So, it requires a number of steps to be
performed in a certain way. So, we look how we have to proceed if you want to find out the

solution of a system of non-linear algebraic equations ok.

The first thing you have to input in your computer program is the function ok. So, your
function has to be known ok. You know the function in terms of x 1, x 2 all the way up to x n

ok. Now, you want to find out the solution ok.

So, let us say you have some guess ok. So, let us say you have some initial guess x 0 ok. So,

you can compute the value of the function at this point x 0 ok. So, you input your initial guess



and then, you compute the function all the functions at this point ok. Now, let us say our

solution will initialize to x 0 because right.

Now, we do not know the solution. So, we will say that let our initial guess be the solution
and let the increment u be equal to 0 ok. Now, we set the iteration counter. Iteration counter
means the Newton Raphson iteration counter to be 1 and also, the maximum number of

Newton Raphson iteration that we want to do ok, let us say it is N subscript max ok.

So, this is also we need to define ok. So, this is essential because we do not want our Newton
Raphson iteration to go on indefinitely ok. At certain point, if the Newton Raphson procedure

does not result in our solution, then we will have to stop.

Because otherwise in computer, it will keep on going there are situation, where Newton
Raphson will be stuck and will not go anywhere. At that point, you have to do something
extra ok. Toward the end of this course, we will see ok; arc length method and line search

method, these are two techniques that you can use ok.

But right now, we just set the maximum number of Newton Raphson iteration that is N max
and also, let us say we set a tolerance which is given by TOL ok. Tolerances is its use for a
stopping criteria ok, when are the value of the stopping criteria becomes less than this value

TOL, then we say that our Newton Raphson iterations have converge.

And then, let us say we have say a residual value R and this has to be set to be set to a very
large value as compared to our tolerance TOL ok. So, normally you may set tolerance to be
10 raised to power minus 27, a very small number or somebody might say 10 raised to power
minus 6, it depends ok. You might set a very small number or you may set like 10 raised to

power minus 6.

And then, you may set R to be 10 raised to power 6 ok, it is a very large number as compared

to tolerance ok. Now, you start a loop while loop and you see whether your value of R is



more than tolerance and the number of Newton Raphson iterations is less than the maximum

number of Newton Raphson iterations ok. If both the criterias are met, then what you do?

You go and compute your tangent matrix and the system of non-linear expression non-linear
algebraic equations at this point ok, at x and then, you solve for u and then, you update x as x
plus u. Remember at N equal to 1 this x was x 0 your initial guess ok. So, in a way for N equal

to 1, what you are doing?

You are finding x 1 as x 0 plus u ok. Now, once you have evaluated the new value of x, you
can recompute your function and then what you can do? You can take the norm of the
function ok, thereby the norm of the function at initial guess ok. Now, this value of R ok, if

you are approaching correctly will now become a small value ok.

It is very unlikely that within the first Newton Raphson iteration, this value of R will become
less than tolerance which is 10 raised to power minus 6; but in a way, it will become a small

value say 10 raised to power minus 1 ok. And then, what you do?

You increment the number of Newton Raphson iteration and because your R right now say is
10 raised to power minus 1 which is more than 10 raised to power minus 6 and you are in say
N max is said to be 50. So, N now is 2 ok. So, now, because 2 is less than 50, you go to next
Newton Raphson iteration ok. Now, again what we will do? You will compute K, the tangent

matrix at x 1 and the force vector at x 1, you will recompute u and then, what you will do?
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The general algorithm for Newton-Raphson procedure can be written as

¢+ Step 1 - INPUT the function f = [f;, f,, ..., f)]T
+ Step2- INPUT@, COMPU
+ Step3- INITIALIZE&_X’U, u=0

——

+ Step 4 - SET Iteration counter N = 1 ; maximum Newton-Raphson iteration 3 N,,,,J; Tolerance = TOL;
esidual value R to a large value when compared to TOL e

* Step5-1-DOWHILE R>TOL ANDN<N v /]67':%0_

Mﬂax
* Step5a- COMPUTE K(x). fix) — 4= e lbé

o~~~

» Step 5-b-SOLVE K(x)@= Ax)
no

'4
] -C— = 0 s M
Step 5-c- UPDATE X=xX+U o %= 4474 QL
= Step 5-c— COMPUTE R = [[f(x)If(xo)l| ; SETN =N + 1é

e
+ Step5 - 2~ ENDDO WHILE Mool / f(’?}a) U
)+ Step6-OUTPUT:IFN< Nmaxg_ ) ELSE “Newton-Rapshon did not Converge'

You will get x 2 as x 1 plus u and then again, you check compute the value of R and increment
the iteration counter and you keep on doing this till you come out of this do while loop. So,
once you come out of this do while loop which is step 6, your output will be if the number of
Newton Raphson iterations are less than the maximum number of Newton Raphson iteration

that you had.

Then your solution will be x, otherwise you will say that you are Newton Raphson iteration
did not converge ok. Once it did not converge, it does not mean that there was some problem.
It might mean actually that there are some other issues convergence issues, which you can go
back and handle using arc length method line search ok; all these kinds of methods can be
applied ok. But here for our second problem for a given system of non-linear algebraic

equation, the following algorithm should work ok.
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» Gradient of a scalar field f in three dimensional space t x, in terms of directional derivative is defined

as
MSM Vi(e) u = Eq. (48)
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So, with this general algorithm, we come to our second topic which is tensor analysis ok. So,
this is the last topic, before we go to some worked out examples ok. So, till now, what we

have seen is our vectors or tensors, where a quantity which was fixed in space.

Now, we will have quantity which varies in space that is it is a field ok, we want to carry out
certain operations on these fields ok. We will have scalar fields, we will have vector fields, we
will have tensor fields. Scalar fields like temperature, vector fields like velocity, tensor fields

like stress tensor ok.

So, now the first quantity of our interest is gradient of a scalar field f in three-dimension. So,
we will restrict our self to three-dimension and we want to compute the gradient of this scalar
field f at point x 0 in the direction u and then, we will do this in terms of the directional

derivative ok. So, the gradient of a scalar field f at x 0 in the direction u is defined as that is



how it defines ok. It is defined as del f evaluated at x 0 dot u is nothing but the directional

derivative of the scalar field fat x O in the direction u ok.

So, what does it mean ok? So, equation number 48 will give you the change in scalar field at x
point x 0 in the direction of the vector u and this is called the gradient of the function f at x 0

ok. So, you know how to compute the directional derivative ok?

So, this term over here ok, this is here. So, the directional derivative of f at x 0 in the direction
u will be d by d eta eat at 0 evaluated eta equal to 0 f of x 0 plus eta u ok. If you carry out as
we did for the system of non-linear equation, you will get equation number 49 which is
summation from i equal to 1 to n del f by del xi evaluated at x 0 into u i ok. So, the first term

is an ith term and the second term, we will also an ith term ok.
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* Gradient of a scalar field f at x, in terms of directional derivative is defined as

From

We can identify

Eq. (50)

We can also express the gradient of a scalar field f as

/7 - %=

—

Comma notation




So, you can see the gradient f at x 0 in the direction u is nothing but del f by del xi into u i ok.
From this, you can recognize ok, we can find out that the del x 0 is nothing but del f by del xi
e 1 because this is nothing but say a i this term ok, I can write this is a vector this is a 1 into u i
which is nothing but vector a dotted with vector u and comparing the left hand side with the

right hand side, I can identify gradient of f at x 0 is nothing but this vector a.

This vector a is nothing but del f by del xi evaluated at x 0 ok. So, the gradient of f evaluated
at point x 0 is nothing but del f by del x i e i or for a generic point X, this can be expressed as
gradient of f is nothing but del f by del x 1 e 1 or in direct notation, I can write del f by del

vector x ok.

So, more conveniently in indicial notation, I can write this as f i comma j and this is called the
comma notation ok. So, you can see the gradient of a scalar field is in indicial notation is given
by f i comma j because there is a comma; whenever there is a comma, it means the quantity

before the comma is being differentiated with respect to the quantities after comma.

In general, after comma, it is always the position x ok. So, whenever you see they say a i
comma j, it means del a i by del x j ok. So, rather than writing this big expression, we can use

a comma notation to shorten our expression ok.
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+ Gradient of a vector field f at x; is a second order tensor
S——

=7 Vil@o)u = Df(ag)lul Eq. (52)

Using procedure similar to computing the gradient of a scalar field we can show that
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Now, taking trace on both the sides of Eq. (53) and noting that trace of the gradient of a vector is divergence we
can obtain the expression for the divergence of a vector field as

(yf) = b o)

. "3 0f
o O

Comma notation

So, moving now from scalar to vector field for example, let us say we have velocity field ok.
So, vector field for example, f at x 0 will be a second order tensor. If you had seen closely
equation 51, the scalar field f was a something which was free of indice, but now you have one

index which comes ok, sorry this comma notation this will be f comma i ok.

So, you see you started with a scalar and you ended up with a vector. Similarly, when you
start with a vector, you will end up with a quantity which is one order higher ok. So, after
vector, vector is one index. So, we end up with the second order tensor which has two index
and gradient of a vector field f at x 0 is defined as the directional derivative of the vector field

evaluated at x 0 in the direction u.

And if you follow the procedure, what is similar for these scalar field, we can show that the

gradient of a vector field is nothing but double summation over i and j going from 1 to 3 del fi



by del x j e i tensor product e j or in direct notation, we have del f by del x and this incidentally

is 1 comma j this is nothing but fi1 comma j.

Now, one interesting thing notice is if you take trace on both the sides of equation number 53
ok, now if you take the trace on both the sides, what do find? You find that ok, so trace of

gradient of a vector is nothing but divergence of the vector ok. This is a identity that we use.

So, trace of gradient of the vector field f nothing but trace of del f by del x ok. So, trace of
gradient is nothing but divergence and this is nothing but gradient of f into double contracted
with the second order identity tensor and in direct notation ok, this is divergence of f and

indicial notation you have ficomma i ok. So, in comma notation, you have fi comma i.

So, divergence of a vector field is fi comma i or any one of these mentioned over here ok. See
question number 54 will be used later on when we go to our constitute relation ok. It will be

used a lot.
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+ Gradient of a tensor field A(x) at X, is a third order tensor

—=) VAlzo)u = DA(zo)[u] Eq. (55)

Using procedure similar to computing the gradient of a scalar field we can show that
3 3 .
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Now, taking trace on both the sides of Eq. (56) we can obtain the expression for the divergence of a tensor field
as

3 BA
divA = VA:I = B ' Eq. (57
— I = 1] 1 31] g ( )
; & Comma notation
& divg = 6”

Next, we move to the gradient of a tensor field ok. So, now, we have a tensor field for
example, stress ok. Stress is a tensor field, it is varying over the entire domain of the body;
stress occurs in the entire domain of the body, so it is a field ok. So, now, how do you take the

gradient of a tensor field ok?

So, gradient of a tensor field will be a third order tensor ok. So, it is defined as this gradient of
a tensor field A evaluated at x 0 in the direction u is directional derivative of tensor field A
evaluated at x 0 in the direction u ok. So, you can show that gradient of A is given by this

expression over here ok.



So, now, there are three base vector. So, it is a third order tensor ok. In direct notation you

have del A by del x or in indicial notation, you have A ij comma k that is your comma notation

ok.

Now, you can take the trace on both the sides as you did for vector field and you can show
that divergence of a tensor field is gradient of the tensor field contracted with the second order
tensor or in indicial notation this is A 1j comma j ok. So, if you have to take example
divergence of stress; stress is the second order tensor. This will be nothing but sigma ij comma

j ok, that is your comma notation.
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+ Integral Theorems: in various derivatives we have to relate the
integral of a quantity over volume of the domain or body to the
integral of the quantity over the boundary of the domain or body

3, X3

Consider a scalar field f distributed over a volume /3 of the body
having surface ()3

7
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Replacing scalar field f by a vector field
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Taking trace on both the side and using Eq. (59) we get
Gauss Divergence Theorem Ifs divfdv = fasf “ndA } Eq. (60)
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So, the last point to see is the integral theorems ok. So, now, in many of the derivations in
continuum mechanics, you have to deal with quantities which are integrated over the domain

ok, domain of the body or the volume of the body and you have to relate them to the integral



of the quantity over the surface ok. So, how do you do that? So, now, consider you have this
body as shown over here ok, you have a body B and the surface of the body is denoted by del
B ok.

Now, consider you have a scalar field f which is distributed over the volume B ok, may be like
a temperature. Temperature will be distributed over the body; different points of the body may

have different temperature ok.

So, you have say for example, temperature field now you want to compute the integral of the
gradient of the scalar field over the volume. And, this will be equal to the integral over the
surface of the scalar field multiplied by normal to a point on the surface and then, integrated

over the entire surface ok, where n is the normal to this infinitesimal area dA.

So, what do you do? You just if you want to compute the gradient of these scalar field over
the entire volume of the body then this will be same as the integral of this scalar field
multiplied by the normal to a infinitesimal area dA integrated over the entire area of the body

ok.

So now, we can extend this to vector field f an equation 58, then become what is shown here
in equation 59. So, the gradient of a vector field integrated over the entire volume of the body
will be equal to the vector field tensor product normal to the infinitesimal area dA integrated

over the entire area of which is bounding this volume B ok.

Now, if you take the trace on both the sides, if you take the trace on both the sides ok, if you
take trace on both the sides, what do you get trace of gradient of f'is nothing but divergence of
f ok. So, integral of divergence of f over the entire volume will be nothing but trace of f tensor

product n, I am using this property the trace of a tensor product b nothing but a dot b.

So, we will have integral over the surface f dot n dA and this is nothing but the celebrated
Gauss divergence theorem. This will be used very extensively in our coming lectures. So, you

need to always remember this theorem that divergence of a vector field over a volume



integrated over a volume will be equal to the vector field dotted with n integrated over the

entire area ok.

(Refer Slide Time: 47:38)

32

2. Tensor Analysis

+ Integral Theorems

Replacing the vector field f by a second order tensaQ\};ives

= fBz:l_,dV = fBBA@ndA

Taking trace on both the sides and using Eq. (61) we get

Sl ([ we

a
—

Now, we can extend this to second order tensor ok. So, instead of a vector field, now if you
have a second order tensor field A, then what do you get? The gradient of the tensor field A
integrated over the entire volume will be A tensor product n integrated over the entire surface

ok.

Now, again, if you take the trace on both the sides, you will get divergence of A integrated
over the entire volume will be equal to A n integrated over the entire surface ok. So, that is
how you can connect the volume integrals to the surface integrals ok. So, with this we have
covered all the essential elements of tensors ok, all the mathematical requirements for this

course have been dealt with.



So, next we will see some worked out examples ok. We will see how to take the directional
derivative of determent of a tensor, second order tensor; how to take the directional derivative
of inverse of a tensor and some other expressions ok, before we move on to our next topic

which will be kinematics.

So, next job is to move to worked out examples that will look next ok.



