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Module - 04
Convective Heat Transfer in External Flows - |11
Lecture - 11
Laminar BL flow over flat plate: Uniform wall temperature

Hello everyone. So, today we will consider Laminar Boundary Layer Flow Over a Flat Plate
with Uniform Wall Temperature Condition. In last class, we derived the momentum integral
equation, and we derived the hardening boundary layer thickness, and the coefficient of
friction. In today’s lecture, we will consider the heat transfer where the boundary is
maintained at uniform wall temperature, and we wish to determine the heat transfer

coefficient, and the Nusselt number.
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* Nointernal Seat generaticn

So, let us consider this flat plate x is in the in this direction, and y is perpendicular to the
plate. You can see that up to x = Xo it is insulated that means; there is no heat transfer from

this surface. So, the free stream velocity is « and free stream temperature T..

So, in this region your wall temperature will be at T... But from x = X, this wall is maintained

at uniform wall temperature T,. So, obviously, your thermal boundary layer thickness will
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start developing from x = X,. And hardening boundary layer thickness obviously, will start

developing from x = 0.

So, these are the assumptions we will consider, two-dimensional steady incompressible
laminar flow with constant properties, insulated section of length Xp, uniform wall
temperature condition T, for X > Xo. We will neglect viscous heat dissipation and there will

be no internal heat generation.

In today’s lecture, first we will derive energy integral equation then we will put the
temperature distribution and the velocity distribution in the energy integral equation and we
will derive the expression for thermal boundary layer thickness, and then we will derive the

local heat transfer coefficient and local Nusselt number.

(Refer Slide Time: 02:57)
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So, first let us derive the energy integral equation. So, we have the energy equation, you

2
knowu aa—T+v% = agy—T So, let us consider today this flow over flat plate where from x =0

X

to X = X it is unheated region, after that from x > X, you can see the flat plate is maintained at

uniform wall temperature T,,.

So, velocity boundary layer thickness will start growing from x = 0. However, as it is
insulated up to X = Xo then your thermal boundary layer thickness will start developing from x

= Xp-.
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So, today we will integrate this energy equation in this thermal boundary layer. So, we will
integrate from y = 0 to &1, where &+ is your thermal boundary layer thickness. So, integrating

the above equation between 0 and &t, where &t is your thermal boundary layer thickness. So,

you can see'[u—dy+.[ Y —dy= J.aﬁdy

So, first the second term you consider in the left hand side and integrate using integration by

parts. So, you will see integrating the second term by parts. So, first term you keep it as it is.
5 5
: oT ; ov o 0T
So you will get, | u—dy+[VT]T — | T —dy =a | =—(=)dy.
! ox i I oy J 2 &y 0y

&
So, you can see we will get J.ug—;r(dy plus you see at y =0. At y = 0, what is the velocity?
0

Obviously, it is 0. So, you will get 0 v X T. And at y = &1, what is the temperature? It is free
stream temperature, so free stream temperature is T... And what is the velocity?

Velocity is v d1. So, you will get T, v at y = &7 that we need to find from the continuity

equation and theseg— So, what we will do now, you have continuity equatlong—)l:+% =0.

y

So, this a—Vwe can Write@ = _8_u . So, that we can substitute.
oy oy OX

&
So, you can Writeju%dy +T,vs + IT—d —0:[5]‘>T So, now we need to fmdv . So, to

find the v, , we will use this continuity equation and we will integrate this continuity

equation in the thermal boundary layer. So, if you see from this expression if you integrate

Now, you see at, so it will be v, right v at the limit 0 and 7. So, aty =0, v = 0, so you will

&
getv, =—- I Z—l:(dy . So, these you substitute it here. So, what you will get now?
0

Tu—d —IT y+J'T—dy— [a L

].
. OX y=or 8yy0
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So, you can See, S0 %at y =87 is 0. So,a[ﬁl ﬂ|y:0]. So, you can see this term will

oy oy

be 0 because at the edge of the thermal boundary layer this is 0.

oT

&
So, now you can write this equation I{(u —+T 63—u) T, 65—u}dy =—q ﬂ|
5 OX  OX OX

oy
So, what is this term? These two terms together you can write

ToWT) oWT),,  oT
.([{ ox  ox }dy‘_“El”'

&
So, if you take this %common, then you will get integral ja%{u(l' —Tw)}dy:—ag—Tl
0

y=0"

. 0 . . . .
So, now you can see that you have the derivative 6—|n3|de the integral. So, now, using
X

Leibniz rule we will take these ai outside and we will write in terms of ordinary derivative.
X
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Laminar BL flow over flat plate: Uniform surface temperature

The Lefbinig sntegral e grees = formea for cifferentiation of 3 definte ntegral whose [imits s U. ]
functions of the difterential varabies 1, iy

P dfiny) ” b da
dy 4 fledx))—~ ,‘Ix.uul]‘— — L X
de dy . -

) b
;—U'“‘ f(x.y)My = |

gty 2
J Ay == % b
.
) = C'-"h-)
aso §oaW) » ¥l WT) = 0
.y By fias=> o

5 BT
4 futv-T9 o=« Bl "
\n L 5‘“‘-"@ KW En'm.vd\w.

So, now, let us see what is our integral equation we have derived. So, this is your
: 70 oT . .
integral Ia—{u(l' —Tw)}dy:—aako. So, if you compare these two terms then you will
X
0

get f =u(T —T,). Your lower limit a, equivalent to here 0 and upper limit is equivalent to 5.
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So, if you find f (x,b). So, this term, so f (x,b), so at y = 61. Aty = &7 if you find what is the
value of f? So, it will be u. What is T? T will be T... So, T, - T, so it will be 0. And what is
f(x,a)? Aty =a. Means y = 0. Aty =0, what is the velocity?

So, velocity is 0. So, this will be 0. So, these two terms will contribute 0. So, we can write

&
directly these using this Leibniz integral rule we can write% j u(m -T,)dy =—aa—T|
0

this is known as energy integral equation.

So, we have completed the first step. What is the first step? That you integrate the governing
equation and get the integral equation. So, we have got the energy integral equation. So, next
step is to find the temperature distribution. So, we will assume polynomial, and in this case,
we will consider third degree polynomial and with proper boundary conditions we will find
the assume temperature profile. Once we find the assume temperature profile, then we will

put that in the energy integral equation.

(Refer Slide Time: 15:06)

Laminar BL flow over flat plate: Uniform surface temperature

Assrmad WMM\., !_!:.’ 5
tam =B W d" 5 b
WL assnA ..c».nAJu-"ULP M"" Tvr—‘x
T(aA) * Cot) & GID J4 KD oA a0y TN "
Toangy A
@%.2‘-“:1’: “’ﬁ-"h"‘;';l
@ ge M, T8 Sqet, w20
@gﬂi $e0 ! !J °
‘A "
@3- 0, Feo
2T, Cys 2T 36,3
vy
%»r LCe ¥ ‘cifa .
@q+0  TaTy ™
@ §=o, %\.o; bl Il 3 3 ,_‘,-34,&*‘:“
@ By, e T T-_W“-L!,L-LE,S\ & écl._;ur‘-r_,)s“
@5, 2. o= e‘osc,&L o =385
i Sy e N ST

> Bt

N
So, we will assume the temperature profile as, soT(x,y) = ZCn x)y".
n=0

Now, we will consider third degree polynomial. So, we will take up to n = 3. So, we assume a

third degree polynomial. So, you will get T(x,y)=C,+C,y+C,y*+C,y*. So, how many
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unknown coefficients are there? Cy, C4, C,, and Cs. So, how many boundary conditions do we

need?

We need 4 boundary conditions. Two boundary conditions you can easily find at y = 0 you
have uniform wall temperature T = T,, at y = &t you have T = T, which is your free stream
temperature, and y = &7 again your temperature gradient is 0. And another boundary
condition will derive from the energy equation satisfying it at boundary.

So, youcanseeaty =0, you have T =T,, aty = &7 you have T = T, at y = 6t temperature

gradient is also 0, sog—T: 0. Now, let us see at y = 0 if we satisfy the energy equation. So,
y

2
what is your energy equation? Energy equation isu é;_TJFV(%T = agy—-l;. So,aty=0,uandv
X

2
are 0. So, this left hand side terms will be 0. So, you can see it will be Z—E:O. So, it is
y

2
derived boundary condition. So, you can write 6—12- =0.
0

So, now, you can see from here. So, if you findg—T. So, what you will get?
y

2
% =C, +2C,y+3C,y’ if you write. So, you will get Zy—-l; =2C, +6C,y. So, now you put the

boundary conditions. Aty =0, T = Ty. So, what you will get? So, if you put it here you will
_ 0T . _ 0T _
get Co = Ty. Then, aty =0, 6—2—0. So, this you can see. So, at y = 0 you havea—z—o, o)
y y
you will get C, =0.

So, y = 8t, T = T... So, you can see from here this equation you will get T, =T, +C,5; +C,5;

and y = 67 from here you can see (Z—T:O. So, 0=C, +3C,57.
y

So, you can see from here you will getC, =—3C,57. If you put it here then you will get

asT, -T,=-3C,5 +C,5. So, it will be - 2C,87 . So, you will get C, :—%(Tw —Tw)éi.
T
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So, you are getting finally, the temperature profileT(x,y) =T, + (T, -T,)-—=—-=-3]. So,
20, 20;

now, we have found the temperature profile, using third degree polynomial.

So, if you see the energy integral equation in the energy integral equation you have velocity
U and temperature T. Velocity profile already we have derived in the last class. So, that we
need to substitute in the energy integral equation along with this temperature profile and we
need to find what is the value of thermal boundary layer thickness.

(Refer Slide Time: 21:19)
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So, you can see this is your velocity profile we have derived in the last class. Hydrodynamic
boundary layer thickness, this we have already derived in the last class and temperature
profile today we have derived this, and this is your energy integral equation. So, in the energy
integral equation now you put this u here and this T from this expression and you integrate it

and find the thermal boundary layer thickness.

So, if you put it here you can see

d% . 3y 1y 3y 1y 3 1
— (vl -1)EL-=2L —pdy=-—0a>(T,.-T,)—.
dX : 00{25 253}( o0 W){2 51— 25—? } y a2( ee) W) 51—

So, now you integrate it. So, this you can see this term T,, -T... And this is constant, so you

can take it outside the integral and you can cancel it. So, we will not write this term in the
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next equation and U, is constant, so you can take it outside. So,

d5r9y2 3y 3y 3y 1y ly 3 a
3 St gats =S
“dxy 4065, 4685 26 4675, 4655 26 2 0;

So, now this we integrate between 0 and d7. So, you can see, at y = 0 anyway you every term
will become 0. So, what you can do? At y = &t you can put, so after taking the integration.

So, you can see you will
3 5 2 5 7 4
v, (000 30 343 % 14 18 Sa
dx 4360, 4565, 220 455°6, 476°0; 245 O;

So, you can see we will getU :—X You take 6 outside. So, what you will get? So, you can

2 2 2 4 4 4
see it will beU —[5{§5—2—15—2—§5_T2_15_4+i5_1+15_2 __3a
46° 206° 406° 200" 280" 86 2 0;

367 3687 N o .
So, you can see here. you have Zyand here 157 so it will cancel. Andy. So, this we

can together write. So, if you write it together, then you can see we will

2 4
getU_ 1[5{_35_2+M Or ==
dx 206 280 é‘T
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So, you can see these all terms, these 3 terms we have written together here. So, you can see
: o d 36 36 3a
finally, you can write it asU_ —[o{——— =———
Y wdx[{ 20 &5° 28054}] 265
So, here you can see here 3 is there, 3 is there, 3 is there. So, if you cancel it you can write,
2 4
—[ {ié—z—ié—z}] i . So, this is the expression we have derived till now, now
200° 2800

we will make one assumptions.

So, let us consider that your &1 < 8. So, if 6t < & that means, Prandtl number > 1. So, for

Prandtl number > 1, %T <1. So, we are considering for the cases where Prandtl number > 1.

4
So, %T<1and if%T<l, S0 you can see the last term %will be much much less than this

. : . o\ . O
term. So, we can neglect this second term in the left hand side. So, we can write if ET <1then

1 54 1 57
2800° 20067
So, what we will do as we are assuming that Prandtl number >1 so obviously, 6+ < & and the

second term in the left hand side now we can neglect for simple calculation. So, if you

neglect it then it will be easy to integrate. So, you can write itas, U_ di[cS(%T)Z] :1051.
X T

So, now from the last class you have derived gwhich is your hydrodynamic boundary layer

f28
thickness. So, éWe have already derived as ,lei ,VX 13 . And

X

ds _ [280 le‘%, because X is there. So, 1w, So, this we need it in this
V13 \U. 2 2

calculation.
So, from here now you derive U, take in the right hand side, so you can see that it will
) d5

be( ) i(5—T)2 =10 . So, now OI—5we have already found here, so you put it
dx "o U, dx

here. So, if you put it here, so you will get
) 280 v lox. 280 VX _ a .
\/ 13 V 13 dx 5 TUOO
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So, now multiply both side, multiply both sides by%T. So, %Twe are multiplying in both

sides. 0, what will get? So, here you will
280 - 280 VX, d o a
ﬁ/ o (S «/ ) —(5)=10—.
13 13 5 dx " & U.o

So, now you can seeloui. And what is 6? So, ¢ is this one. So, you can see it will be%,

0

right.

(Refer Slide Time: 36:11)
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If you simplify it, what you will get? You will get( T)3 4x( 1) — d (6 )= 1B8a , SO you
s’ dx s’ 14v
., 131 TP . : :
can erte—ﬁ . So, after simplification you will get this expression.
: S 07 \3 : dr
So, now, what we will do we will just putr:(g). So, what will be, &?

ﬂ (T) ( ). So, if you put it here you can see you will get, so it will

dx o

4 dr 131
ber+—x—=——.
3 dx 14 Pr
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So, multiply both sides by%x%. So, if you put it here and let us write this as a first term. So,

you will get x” ar 3y 138 1
dx 4 14 x4 Pr
. / 3)(3 1 ,}/
So, you can see these two terms together you can wrlte (x r)= T4xdPr — X4,

Now, if you integrate it, Id(x%r):@ijx_%dx+c. So, if you integrate it, it will
14x4 Pr
getx%r—13 x314 x” +C . So, now these 3, these 3, these 4, these 4, will cancel. So, you
14x4Pr3

will getr B e
14 Pr

So, now, let us put what is the value of &t at X = Xp. At X = Xg you have o7 as 0, right. So, at
X=Xp You have 6t = 0. And X = X, you can see here 37 is 0 that means, r = 0 because we are

starting your thermal boundary layer thickness is starting from x = Xo, where the value of &+ is

0. And if 67 is O then r will become 0. So, that will giveC = —5% x? .

(Refer Slide Time: 41:07)
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] L ] . . 0. 131 131 X
So, if you put it in this expression what you will get? (=) ==—=—_-=— 0)% . So, that
youp P y g (5) 14 Pr 14Pr(x)
o7 131
means, you can see - ={=> — [1— (Z2)%V*
y {5 -G

So, %Tnow we have found. And we know what is the value of &, right. So,

—T:é{Ei[l—(ﬁ)%]}%. So, 9 we know, right. So, o_4bd So, if you put it here, so

X X 14Pr X X x |Re,

you will get é=4'—52[1—(§)%]%. So, once you know the thermal boundary layer
X PrRe’ X

thickness you will be able to find what is the heat transfer coefficient, right.
oT |

—KZ=
y=0
So, you can see, so now, the local heat transfer coefficient. So, h = LT . So, if you put
the value you will get§£ . S0, because —£|y:0 = 3L, . So, if you put this, so now, you
2 0; oy 2 O

know the value of &y, rightt If you put the wvalue you will

geth(x) = 03318 [1 & )/] % PrRe.. So, now Nu, _h?. So, T(—X if you put it here, so

you will get Nu_ =0.331[1— (X2 )/] % Pr’ Rel:.

(Refer Slide Time: 44:36)
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So, you can see that in today’s class now starting from the energy equation we have found the

thermal boundary layer thickness %T as this one. Then, putting the value of %we have found

5—Tas this. Then, we have found h(x) which is your local heat transfer coefficient, then local
X

Nusselt number.
(Refer Slide Time: 45:07)
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Set x, =0 in above solution
—

13
e {" L0978 = 0am® priRe, 2o
g (4Pr prld X

6 4528

= v Nu = 033177 Re ) ~
x priige

Now, let us consider a special case, plate with no insulated section. So, there is no insulated
section so that means, xo = 0. If you put Xo = 0 then your thermal boundary layer and
hydrodynamic boundary layer will start going from x = 0. So, if Xo = 0 if you put in the above

equation, so you will get %T= OI'Dng and 20— #9814 local heat transfer coefficient,
r 3

X Pr’Rel

and local Nusselt number.
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So, now what is the accuracy of this integral solution? If you see for Prandtl number = 1,

0. . : . . 0
—L = 1. So, that is the exact solution. But from the integral solutlongT, for Prandtl number=1

we got%T:O.975. You can see if you put it in this expression Prandtl number =1,

then5—T =0.975. So, you can see that error is 2.5% using integral solution.

And, if you see the exact solution from the Pohlhausen solution for Prandtl number >10,

Nu, =0.339Pr* \/Re , but in today’s class we have found from the integral

solution Nu, = 0.331Pr* JRe, . So, you can if you compare it you can see error is 2.4 %.

So, you can see we have assumed that Prandtl number > 1 that means, your &t < ¢ and we
have found the expression power heat transfer coefficient, Nusselt number and thermal
boundary layer thickness. If Prandtl number < 1, where 6t > & then you have a rigorous
derivation. So, that we will not derive, but just | will give the expression, final expression for

the Nusselt number.
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o . I 0.
So, we can see in this particular case we are considering Prandtl number < 1. So, 3T> 1. So,

. N : o
that means, ot is higher than the 8. So, in this particular case, you can see — already we have
X

found, this is your T(X, y) this is your energy integral equation.

So, in the energy integral equation, you can see 0 to 6. 0 to & you have this velocity

distribution, but & to &t here you will have u = «. So, if you put it these two expression in this

Re/: Pr/t

energy integral equation then you can find Nu, =
Jy ntegrat &4 Y * 1.55Pr”+3.09(0.372—0.15Pr)”

. So, this

solution actually scientists Eckert found analytically for Prandtl number <1.

So, in today’s class, we considered the laminar boundary layer flow over a flat plate and we
considered uniform wall temperature T,, from X = Xo, and from x = 0 to X = X, it was

adiabatic. So, your thermal boundary layer thickness starts developing from x = Xo.

And, first we derived the energy integral equation, then assume the third degree polynomial
we derived the temperature profile, and we put the velocity profile and temperature profile in
the energy integral equation. Then, we found the thermal boundary layer thickness &1, and
then we found the local heat transfer coefficient and local Nusselt number and putting xo = 0
we found a special case where there is no heat unheated region. And finally, for Prandtl

number < 1 we have discussed that how we can find the Nusselt number expression.

Thank you.
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