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Welcome back to the fourth lecture of the course, Collaborative Robots: Theory and
Practice. So, in this lecture, I will discuss the mathematical Jacobian. What is the
definition of a Jacobian? The robot Jacobian, velocity analysis, how to compute a general
Jacobian, Jacobian inverse, how to do that. Singularity and degeneracy, what it is.
Singularities of a standard serial arm, which is a six degrees of freedom, industrial cobot

or a robot, will do acceleration analysis as well.
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Mathematical Definition of a Jacobian J
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So, let us begin. So, what exactly is a Jacobian (J)? Why are we talking about that here?
Because the Jacobian relates two different rates. Let us say you have y, which is a
function of x1, x2, x3, x4, and xj. So, these are all the input variables on which the output

variable, that is, y, depends. So, this may be expressed like this.
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Delta y is equal to del f by del x1 delta x1, del f by del x2, delta x2, plus so on till this.
Similarly, if there are multiple outputs that are related to the same inputs, that is, x1, x2,

x3, x4, and so on. So, they all can be written like this.

If I pack them together in the matrix form, all the output variables are here. All the input
variables are here. This is the matrix of partial differentials of f, which relates the input to

the output. Basically, input rates to the output rates. So, it relates to two different rates.
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The Robot Jacobian
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where, [wx Wy wz]T represents the angular velocity of the end-effector about X, Y,
and Z, axes respectively about the reference (robot base) frame.
And [vx v, v;]T represents the linear velocity along the robot base coordinate

This is written as: Twist te . —
[te]6><1 = Joxnbnx1
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So, in the case of robots, when you have an end effector position, which is a function of
the input joint angle. So, the end effector pose of the robot depends on theta 1, theta 2,
theta 3, and theta 6 in the case of 6 degrees of freedom robot, or it can be 7 degrees of
freedom robot, in which case it will be up to theta 7. So, in that case, the end effector rate
means the angular velocities of the end effector and the linear velocities of the end factor
that is related using a 6 cross n Jacobian, where n is the degrees of freedom of the robot,
and theta 1, theta 2, theta 3, theta 4, and up to theta n are the input joint variables. So,
joint variables can be in terms of rotary joint variables or prismatic joint variables. So,
where omega X, omega y, omega z represent the angular velocity of the end effector about
the x, y, and z axes of the reference frame of the robot, and vx, vy, vz are the linear

velocities along the robot base coordinate axes.

So, this is written as a twist. A twist is a vector which is a column vector of this.

[telox1 = JexnOnx1

So, this is a twist vector of 6 cross 1 dimension, and the Jacobian here would be of 6
cross n dimension, which is the Jacobian matrix that relates the output rates to the input
rates, and this is the joint variable. So, that is theta n cross 1. So, this is how the Jacobian

is defined for a general robot of n degrees of freedom.



Example 1: Jacobian of a 2 DoF Planar Arm

Differentiating:
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1% X = —315.19'1 — 82512_(9.1 +92)
3 y = a1G101 + a2Cio(01 + 02)
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So, now let us calculate the Jacobian for a two-degrees-of-freedom Planar Arm. This is

one of the very simplest arms which can be derived by hand calculation also. So, we'll

see that now. So, al and a2 are the link lengths. Theta 1 and theta 2 are the joint angles. x

and y are the end effector coordinates. So, now x and y can be written using forward

kinematics, which can be evaluated here also by taking simple projections. So, this is al

cl, a2 cl 2, al sl, a2 sl 2. So, the sum of these two will be x and y. So, this is forward

kinematics.

So, if I take the differential of this, taking the derivative on both sides will give me this.

X = —a15_1él — 82512_(91 + 0)
y =a1 (101 + a» C12(91 + 92)

If I expand that, I will get this.

X = —315'16.)1 — 3251291 — 32512.6.)2
y = a1G01 + a2 Cia01 + ap Ci20;

Psi S12 here I would mean sine theta 1 plus theta 2, similarly for cos 12 and S1 would

mean sine of theta 1. So, if I rearrange them in the matrix form, it comes to x dot y dot is

equal to a 2 cross 2 matrix into theta 1 dot theta 2 dot. Theta 1 dot and theta 2 dot are the




angular velocities of the joint, joint rates, and x dot y dot is basically the end effector
linear velocities. In the case of a 2R manipulator, it can only move in two linear
directions. So, this is your x-dot direction, and this is your y-dot direction. This cannot
rotate because you do not have that degree of freedom in this type of robot. So, what is
this basically? So, this is the Jacobian. So, you see now it is relating the differential
motion of the joints, that is this, to the differential motion of the end effector. And the
term which is here is actually the 2x2 matrix, which is nothing but a Jacobian, which

relates the joint rates to the end effector rates.
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Position vector of the joint frame: 0; = 0,1 +a;_1

Frame i

Taking derivative (Velocity): 6; = 6;_1 + a;_1
where é,'_l =Wj—1 Xaj—1
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Joint i + 1
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Fixgd\‘ ? ] For prismatic joint:
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Let us do a velocity analysis now. So, link velocity is first. So, the position vector of the
joint frame. So, let us say this is a Link i of link length a; that terminates with joint i plus
1 and begins with o; frame, and before that, you have a link i minus 1 that begins with o;
minus 1 frame, and the link length vector here is a; minus 1. So, this is the configuration
of two consecutive links which are attached and floating in space as it is shown. o; vector
is the position vector of the o; frame, and o; minus 1 vector is the position vector of the 1
minus 1th frame, with respect to the base frame, which is O, which is shown here, that is,
the fixed frame. So, the position vector of the joint frame is given as o; which will be

equal to o; minus 1 plus the link length vector.

0.=0 +a
i i—1 i—1



So, if I can draw it here, so o; is equal to o; minus 1 plus this vector. That is, using the
vector triangle, you can quickly obtain it; you can write it like that. So, taking the

derivative of this, what do I get? o, dot is equal to o; minus 1 dot plus a; minus 1 dot.
0, =0;_1+taj_1

So, what are these terms if you can see them closely? So, how much is a; minus 1 dot?
Let us isolate this link here. So, if this is a; minus 1, it is rotating about this joint by an
angle or velocity omega 1 minus 1. So, what is the velocity that is associated with it? It is
the velocity along this direction. That is because of the joint velocity of this frame oi
minus 1 at this frame. So, it rotates like this and creates a velocity like this. So, that is in
the tangential direction. So, this is a; minus 1 dot. Okay. So, because this is not a
prismatic joint, it will not go along this direction. So, that is the velocity associated with
this, and the angular velocity omega i will be omega 1, that is, the angular velocity over
here, will be equal to the angular velocity up till here plus the angular velocity of this
joint. So, this is the joint angular velocity, that is, the angular velocity of i with reference
to 1 minus 1, and omega 1 is the angular velocity of frame o; minus 1 till here and this. So,

this can be written as this.
wi=wj_1+ 1w,
So, now, if I put them in the revolute joint. So, it comes out to be this.
wi = wi_1+0je;

So, omega 1 is equal to it is exactly this equation, omega i minus 1. So, this is the joint
rate, this is the magnitude of the joint rate, and this is the direction which is along the axis
of rotation. So, this is equal to this, and now this equation is written here as just [ have

substituted this to this, and it comes out to be this.

0, =0,_1+tw;_1Xaj_1



This is for the revolute joint. In the case of the prismatic joint, because the joint itself
does not have any angular velocity. So, the next link velocity is exactly equal to the
previous link velocity angular velocity, and now you have linear velocity because of three

different components.
0, =0,_1 +w;_1 X aj_1 + de;

The first one is linear velocity over here and linear velocity due to the rotation of this link
and linear velocity because of the expansion of the joint. So that is due to the expansion
of di, so that is always there in this case. You see, because there is no, this is frozen. So,
whatever is the angular velocity of this becomes the angular velocity of this link as well.
But this is expanding also. So, if this is expanding, you get what now? You have di dot,
which is the rate of change of displacement along the direction of motion. The direction
of motion is given by e;. This is in the case of a prismatic joint. So, these are the link

velocities.
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Computation of Jacobian for a General n-DoF Serial Robot
Angular Velocity: —
wo = 0
w1 = 9:161 .
wy = 61e1 + bren

Vs

w, =b0e1 +060er+---+0,e,
= 3" (angular velocities of all the joints prior to i)
Linear Velocity:
61 = 0 . .
0, =0; +wi X a; = 01e; X a1 = H1e1 X a1

: ) ) — Detailed next
0, =01e; xay,+0exay,+ --+0,1 n—1,n
= > (velocity contributions due to all
motions prior to the n' joint)
ajj=a;t+aj1+---+aj_1 and aj . = a;;
The end-effector is a part of the last link
We = Wy and Ve = 0, + W, X Ape

-
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Let us see if we can calculate the Jacobian using the vector-matrix approach for a general
n degrees of freedom serial robot. Moving on with a similar analogy, the way we did it
here, omega 0, angular velocity. So, this is the structure of this robot, a general robot.

This is link 1 attached to frame 1, and it is attached to the ground. This is the next link.



This is the next velocity, angular velocity at the joint. Next joint, next link, next joint,
next link, so on and so forth, till it terminates at the end effector, which is here. So omega
0, because it is attached to the ground, it is equal to 0. How much is omega 1?

N
w =0c¢
1 17i

Omega 1 is equal to theta 1 dot, that is, the magnitude, and along the axis vector. So, this

is your omega 1.
Wo = 9161 SE 9282

Similarly, omega 2 will be equal to omega 1 plus the angular velocity of joint 2; this is
the magnitude and axis vector 2. So, that is how it will propagate, and finally, omega n
will be equal to this. So, this is quite trivial for the angular velocity case. For linear
velocity, what you see here is the angular velocity at the nth link will be equal to the
angular velocities of all the joints prior to 1. If it is for i, the angular velocity is due to the

angular velocity of all the links that come prior to this.

Now, the linear velocity in this case, again, you see the ground because it is attached to
the ground. The first linear velocity would become equal to zero. The next linear velocity
will be equal to the first linear velocity and the linear velocity due to the angular velocity
of the first link, okay? So, that creates a tangential linear velocity that is here, and if I can
club it together, it is omega cross r. So, this is omega, and this is the radius. So, this is this
distance, omega cross r. And in case this continues further, okay, so it goes like this. So,
the final omega n would be equal to this. And what is this actually? It is the velocity
contributions due to all the joint motions prior to the nth joint. Let us say you are at the
nth joint, that is over here. So, whatever is the linear velocity over here, it is because of
you see, the rotation of all the links prior to this. So, because of this angular velocity over
here, because of this angular velocity over here, okay, and because of all the links which
are here. So, the contribution of all the angular velocities and the distances. So, the
angular velocity here and the distance from 2 to n. In this case, it is 2. So, it is 2 to n.
Omega 2, 2 to n. So, so on and so forth. So, all of them it will be added together, and it

will have multiple linear velocities, and all will be added to get the final linear velocity.



So, a; is basically this, 1 to j is this, and these are the notations that I have used here.
Similarly, the end effector is a part of the last link. So, this is the part of the last link,
basically. Let us just evaluate the term which comes here because this was quite easy, this

is quite trivial, now this one.
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Whiteboard: Jacobian Analysis
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So, the O3 dot will be equal to O2 plus omega 2 a2. So, how much is omega 2? Omega 2
can be substituted directly here. If I put that here, that is from Here I have copied it. So,
this omega 2 comes here, and you expand it, and you can derive it till here. So, a2,3, that
is from frame 2 to frame 3. So, this is how it is: if it is 3, it is 1 to 3 and 2 to 3. And these
are the theta 1 dot and theta 2 dot. So, this is all you keep doing, and finally, for the

n-link, it is like this.
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Computing Jacobian J
Using Equations:
We = w, = 0181 + ey + - + e,
Ve =01e1 X a1+ 0zes X age + -+ + Op_1€0 1 X @n_1.c + On€n X Ane

61
62
We | e €2 T €en .
Ve €1 X a1e €2 Xaze -+ € Xape
n—1
Robot Jacobian '
On
J— Jo| e e . e,
Jv €1 X ale €2 X a2 '+ € Xape 6xn
The it" column of J is given by:
. €e; . . s " 0] . .
ji= in case of revolute joint. ji = in case of prismat
€ X aje €
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So, now. These are the two equations that we have obtained.
We = w, = B1e1 + brex + -+ Ope,
This one is for angular velocity,
Ve = 91e1 X ale + ézeg Xage+: -+ én_len_l X ap—1,e + 9,,e,, X ane

And this is for linear velocity. If I pack them together again, so these two come here, and

you have theta 1 dot, theta 2 dot, theta n dot. So, all are arranged here, extracted from all

the terms,
F T
0>
we| e e e, .
Vo| |€1Xaje € Xan --- €pXan :
Robot Jacobian 0
L n _

And this becomes your Robot Jacobian. The dimension of this would be e here is 1, 2, 3,
and again, this is a vector 2, 3. So, a total 6 cross n, this is n cross 1, this is 6 cross 1. So,
this is all; these are the dimensions, and here is your robot Jacobian. It comprises All axis

vectors and the distance vectors from the link 1 to the end effector.
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€1 X ale € XA v €p X Ape|g,

So, this is your Jacobian, and it has basically two components: j omega and j v. This is
responsible for linear velocity. The upper row is responsible for angular velocity. Got it.
So, the column of J in the case of a revolute joint is like this. In the case of a prismatic
joint, the velocity vector would be because there is no angular velocity; this goes to 0,
and you have linear velocity the same as that of the previous link. So, that makes this as
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Example 2: Jacobian of 2R Planar Arm using General Jacobian Matrix

Simplified expression for Jacobian is: J, =[e; X aje €2 X az]
61262:[0 0 1]T

And, a;c. = a; +ax = [31 C+aCo a1Si+ axSis O]T
e =ay=[2Cp 2S5 0]
i ik
0 0 1
aCp aS2 0

<

€ X axe = =i(—ax512) — j(—22C12)

L) = —a2512i + a2 Cioj
o) 0, Similarly, €1 X A1e = (—3151 - agslz)i + (31 G+ a C12)j

Extracting the non-zero terms of J and arranging i
we get:

\/ Jo— [T — @S —ade
! aG+aCy  alp
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So now let us use this and see if we can do it for a 2R planar arm using the general
Jacobian matrix, not taking the differential. So, the simplified expression could be
because it can only have linear velocities; it has no control over angular velocities. So, we

will consider just the J, component of the Jacobian. So, that is e;, a;. type.

So, el and e2, that is, the axis vector, will be along the z-axis only because, you know, all
the joint axes are along the z-axis, so that is over here; it is perpendicular to the plane of
this paper, so z is out of the plane of this. So, you have z1, you have z2, both are here, so

that is here.

61292:[0 0 1]T



So, they can be written as el is equal to e2 is equal to 0, 0, 1. They are unit vectors, so it
is 1. So, I have transposed it to make it compact, but actually, it is like this. So, these are
the z-axis, and then ale, that is, frame 1 to end effector, from 1 to end effector. So that is

equal to al vector plus a2 vector, and that can be quickly written as this.

Ale = a) + a2 = [alfl FarCr a15 + a5 U]T

First component Second component

This is using trigonometric projection; you can write it. So, it is basically this and this;
this is the first component, this is the second component, and along z, it is equal to 0. So,
this is ale; similarly, a2e from 2 to the end effector is the a2 vector, and that can quickly

be written as this and this. So, this over here, this over here, z becomes equal to 0.

Now, taking the product, so €2, a2e will be equal to 1, j, k; you know how to take the
cross product of this. So, the component will go like this. So, e comes from here, and
from here, you take 2e; it comes out to be this, and similarly, ei x ale cross-product
would take you to this. Again, you take the first value from here and ale from here, and

you take the cross product; you get to this.

Now, if I arrange it, extracting the non-zero terms of j and arranging them in a 2x2
matrix, I get exactly the same Jacobian the way we derived it earlier in a 2x2 matrix,
which we derived by simply taking derivatives of the positions. So, it comes out to be the
same. So, remember this because it is a planar system, and it does not allow any
rotations; we have taken it like this. Otherwise, we would have also taken the ei

component, el, and e2 component.
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Kinematic Parameters from the Homogeneous Transformation Matrix
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o < 812[001], e = Tl(].
End-effector P
e,, o, :83 = T2(1 . 3, 3), - ey = T3(]. §
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So now, can we extract all these parameters that I have used, el, ale, a2e, using general
homogeneous transformation matrices? That is what we will try out here. So, extract the
Kinematic Parameters from the Homogeneous Transformation Matrix. So, Ti is equal to,
you know, this A1. Whenever I write 1, it is with respect to 0; 2 is with respect to 1. So, if
it is with respect to 1, it is with respect to 1 minus 1. Got it? Okay. So, this is what is here.
It is, you know, all the products will finally give you the final homogeneous

transformation matrix. Got it?

So, now T1 is equal to this. T2 will be equal to al and a2, T3, and so on and so forth. You
do this. So, this is the overall forward kinematic transformation. These will take you to
the frame, which is just one prior to the sixth one, that is, for the fifth frame. This is for

the fourth frame. This is for the third frame, likewise.

So now the last column, el is the column which is here. It is the z-axis vector. You know
the component of z along x, along y, along z lies here. So, this essentially is nothing but
the axis vector, okay, the axis vector. So, that can be extracted from all of this. So, if it is
for the first axis, you have to use this. For the second axis vector, third axis vector, fourth,
fifth, and sixth axis vector, for all the consecutive t i is this column, this third column, the

first three rows will give you the axis vectors.
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Extracting kinematic parameters from HTM
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e; e e,
€1 X Aie €2 XA -+ € X dpe 6xn
——

q—

J=

Ale = Pe = [Pxﬁ Py6 pzﬁ] = T6(1 : 3’4)'

A2e = Pe — P1 = T5(]. : 3,4) — Tl(]. . 3,4),
Aze = Pe — P2 = To(1:3,4) — To(1:3,4),
e = Pe — P3 = To(1:3,4) — T3(1:3,4),
Ase = Pe — P4 = Tﬁ(]- : 374) - T4(1 : 374)'
Age = Pe — P5 = T6(]. . 3,4) — T5(1 : 3,4)

J(1:3,6) = e, J1:3

J(1:3,4) = ey, J(1:3

J(1:3,2) = e, J1:3

J(4:6,1) =e; X aye, J(4:6

End-effector J(4 : 67 3) = e3 X ase ‘ J(4 6

Sa J(4:6,5) = es x ase, J(4:6
X;

Robotbese. 0 Equivalent MATLAB® function is ¢
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Now this is the final term, you know, you have to find out aie is also. So, that can be
obtained from the position vector, so that also is available here, you see. This is the
position vector of any ith frame with respect to the O. Okay. That is the fixed frame.
Okay. So, I will use that here. So, ale, a2e will basically be. So, let us say I want to find
out aie. This vector. So, how will I do it? I will simply use this vector and this vector.
This is nothing but the end effector vector. This is obtained from all the als that are here
from here to here. If I take the product of this, whatever I get, the homogeneous
transformation matrix for this joint, I, from there I, can extract this one. So, using this
vector triangle, I get this. For all the links, I can do it in a similar way. So, all the a,.s can
be obtained now. This we have already seen. Okay, now we'll put them in place in this
matrix. Look, whatever we have extracted, ei is an aie, and similarly, the cross products
are put over here. Okay, this is the way you can extract all the homogeneous

transformation matrix elements and use them to calculate the Jacobian. Got it?
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Jacobian Inverse
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Twist: [te]6><1 = JoxnOnx1
-

= 0=1J""t.

In order to find joint rates, for the given end-effector rates.
Application: Welding, Adhesive dispensing, etc.
Is it always possible?: NO

Alternative: Multiply both sides of Twist by J7

I 6d6xnbnx1 = I sltelox1
r

e ] —
[JTJ]ananxl = JTte

P S——— g
9T, = It
where, pseudo inverse of J = J* = [JTJ]~1J7 is known as Moore-Penrose Inverse
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So, finding out the inverse is again very trivial. You already know the twist is given as the

Jacobian into theta dot.

Twist: [telox1 = Joxnbnx1

So, if I take the inverse, it should give me this.
0 =J lt,

This is very trivial, provided this is an invertible matrix, that is, a square matrix only. So,
in order to find the joint rates, basically, what we do in quite a lot of applications like
welding, adhesive dispensing, profile following, maybe okay, or if it is painting, you have
to, you already have an input of end effector velocity, and you have to find the joint
velocities, corresponding joint velocities, for the given end effector velocity. So, how will
you do it? All these applications will demand this particular equation. So, the Jacobian

inverse will be required.

Is it always possible? You know, it is not possible because it may or may not be a square
matrix. So, an alternative approach would be, if this is the equation, you know, multiply
both sides of it by the Jacobian transpose, so you get to this, okay, this over here, and this

side is here, okay.




Jrja_xﬁJﬁXnenxl = J;z_xﬁ[telﬁxl

Now, J transpose J is an n cross n matrix. So, if you take the product, it becomes a square

matrix.
[J TJ]nX nénx 1= J Tte

Now, this is invertible. So, theta dot now can be by taking this as the inverse to the other

side.
0=[TJ"UTt. = J"t.

Now, this is here. Jacobian transpose TE. And this term is known as the pseudo-inverse.
It is also known as the Moore-Penrose inverse. This is quite easily possible in the case of
a 7-DoF robot. You can use this approach where you have n not equal to 6. In that case,
you can use this to take the inverse. There are limitations to this also. We will talk about

this later. This is how you find out the Jacobian inverse.
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Singularity and Degeneracy

|
'0

Degeneracy: Occurs when a robot loses a DoF and thus cannot perform as desired.
This occurs under following conditions:

1. The robot's joint reach their physical limit and thus cannot move further.
2. The robot reaches the workspace boundary.

3. In the middle of the workspace, if the Z-axis of two similar joints becomes
colinear. Moving any of the joint would result in same motion.

4. No. of DoF is < 6 and there is no solution for the robot.
5. The determinant of J is zero.

The mathematical condition which is responsible for this is known as Singularity.
Practically for points 2, 3 and 5 above.

Demonstration: Singularity conditions of a 6-DoF UR Cobot.
YouTube Video by CoRoETS:
https://youtu.be/6Wmw4dlUH1X87si=YkrOLBycesgSnALs
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Now, there are a few terms that are very important here. One of them is Degeneracy,




which occurs when a robot loses a degree of freedom and thus cannot perform as desired.

So, what are those conditions?

The first one is the robot loses joint reach to its physical limit and thus cannot move
further. There may be some joint limitations because of the motor fixture, the architecture
of the system, or because of the joint limits or motor limits. So, it cannot go further, and it
cannot. If it is expected to go into a fully stressed condition, but because of the
architecture, let us say it cannot move. So, that is a physical limit. So, it cannot move

further, and that is leading to this condition again.

The second one is when the robot reaches the workspace boundary beyond which it
cannot go. So, those are the conditions where your robot can go degenerate. The next one
is in the middle of the workspace if the z-axis of two similar joints becomes collinear,
okay? Moving any of the joints would result in the same motion. So, that is the case when
it is again degenerate. So, if the degree of freedom is less than 6, as in the case of a
SCARA robot, it cannot roll, and it cannot pitch. So, there is no solution for the robot
along those directions. So, that is also a degenerate system, and when the determinant of

the Jacobian becomes equal to 0, so as you have expected, the twist is equal to j theta dot.

If I have to find out theta dot, what did we do? Jacobian inverse of the twist of the nth
factor. That is what we know. So, the Jacobian inverse is basically the adjoint of J divided
by the determinant of J. So, if the determinant of J becomes equal to 0, in that case, what
happens? This is not possible, so you cannot extract theta dot for the given affected
trajectory. So, in that case, the determinant becomes equal to 0, and you cannot calculate
the joint rates. So that is one of the important cases because this is widely used in robot
control also. So, it is not always the inverse kinematics approach where we find out the

joint angles. We also sometimes use it to find out the joint rates using this approach.

The mathematical condition which is responsible for this is known as Singularity. So,
basically, the determinant becoming equal to 0 is the singular case, mathematical
singularity, and that is what is the case for point number 2, point number 3, and point
number 5. So, the determinant becomes equal to 0 or in the middle of the workspace, if

the z-axis of two similar joints becomes collinear mathematically, even J becomes equal



to 0. The determinant of J also becomes equal to 0. The robot reaches its boundary in

quite a lot of cases. In those cases also, the determinant becomes equal to 0.

Wrist Singularity
Shaiilder Singularity

I will just show you a small video of the UR robot, which does have a singularity. The
link to this video I have mentioned here. This is wrist singularity. This is wrist singularity.
You see, in between, it became singular, and the robot halted for a moment, then it moved
forward. There is an infinite solution for that particular force. This is wrist singularity
again. This is shoulder singularity. You saw, in between, it had an infinite solution again.
Got it? This is elbow singularity. It is in the case of a fully extended condition that is, the

robot reached its boundary. Got it? So, these were the cases.

Singularities of a Standard 6-DoF Industrial Robot/Cobot
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ELBOW/BOUNDARY:
Wrist lies on the plane —
WRIST: Joints Axis 4 and 6 passing through the axes SHOULDER: Center of the wrist
become coincident of joints 2 and 3. lies in the plane passing through the

joint axes 1 and 2.
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The Singularity of a standard 6 DOF industrial robot or a cobot. So, in the case of UR,
you saw these were a few. Wrist singularity, axis 4 and axis 6. So, where are they? Axis
1, axis 2, 3, axis 4 and 6. Both are coincidental. They are parallel to each other, okay? In

this case, elbow or boundary singularity, you see this, this, and this came in a straight



line. So, the wrist lies on the plane passing through the axis of joint 2 and joint 3. This is
joint 2, joint 3. The wrist lies on the same plane, okay? So, that is a boundary singularity.
It is also known as elbow singularity, and the final one is the shoulder singularity; the
centre of the wrist lies in a plane passing through the joint axis 1 and 2. So, this is joint
axis 1 and 2. So, it lies exactly above this. So, this is again a place where this whole robot

can rotate about this axis, and that is a shoulder singularity.
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Singularities of a Standard 6-DoF Industrial Robot/Cobot

/
|
o

Elbow Singularity Shoulder Singularity
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That is there in the case of a standard industrial robot or a cobot also. This is exactly
having the same architecture as that of FANUC 35iA that [ have shown earlier. So, this is
elbow singularity. You see this, this, and this comes in a straight line now. Shoulder
singularity: you have this axis getting aligned with the last axis, two axes, and this
singularity here is when this axis comes in line with the fourth one. The fourth and sixth

get in line. So, these are a few singularities that are there.



Singularity Analysis of a 2R Planar Arm
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Simplified expression for the Jacobian of this 2R Arm is:

J = _"151 _IQSIQ _"2512

y hG +hGy  hCo
Equating determinant of J, to zero, we get:
(=hS1 = hS12)(hG2) — (—hS1)(hG + hG2) =0
a
le)

= —hh5 Cs — 1'22512 Cio+ hb5CG + -’22512C12 =0
= —hh(51C2— 512G) =0

=sinf; =0
:>92:00F92:1800

What does this positions signify?
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So, now singularity analysis of a 2R Planar Arm. Now that we already have this matrix in

hand, I will just check where it goes Singular. So, the simplified expression for the
Jacobian of a 2R arm is this.

J = —hS51 — hS12 —hSi2
Y LhG+hGy LG

So, the determinant of this and equating it to 0 gives me this equation.

(—hS1 — hS12)(hCi2) — (—hS12)(h G + hC2) =0

If I solve it, what I get is this, and finally, this leads to sin theta 2 equal to O or theta 2
equal to 180 degrees.

:>sinG)2 =0
= 0> =0 or 6, = 180°

So, these are the two places where it is singular. So, where are they? Theta 2 becomes

equal to 0, which means this and the angle becomes equal to, so this is here, so the whole




robot goes to a straight line, okay? Straight linear, okay? In that case, it is a boundary
singularity; that is what is happening, and when it is folded, theta 2 is equal to 180
degrees. It is fully enfolded. The second link comes here. Again, it is singular. So, these
are the two physical conditions in which it is having singularity. It does not depend on
theta 1, you see. So, anywhere where it is finding the boundary, everywhere it is going

singular. So, these are the significance of these two solutions.

Acceleration Analysis
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Since twist: te. = {L:e] =16

— €

Taking derivative:

t. =10+ 16
where, t, = [wz VI] , w! and ¥] are angular and linear accelerations,
and 6 = [91, O, -, én]T — Joint Acceleration.
e;

i= . .
€ X aje+ € Xaje

Vectors €; and a, . are time derivatives of the vectors e; and aj .

HW: Find J of a two-link arm.

————
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Let us do an Acceleration Analysis now. We have checked upon the velocity a lot, okay?
So, how to find out the accelerations here? So, this is what you already have in hand; that

is, the twist is equal to the Jacobian theta dot.

= ‘:e — 10
e
t.=JO + 16

Taking the derivative of this would give this: the acceleration twist dot is equal to J theta
double dot plus J dot theta dot, okay? So, what is a twist dot? It is basically angular

acceleration and linear accelerations of the end effector. Theta double dot is the joint




acceleration that is here. Jacobian is Jacobian; you already know it, okay? Jacobian dot
can be evaluated using you already know Jacobian is equal to ei ei cross aie. So, this is
what the various columns of Jacobian are, okay? So, if you take the derivative, the ith
column will be equal to this. So, first into the derivative of the second plus the second

into the derivative of the first. So, that is the way you know derivatives are taken.

So, it is just written like this. So, this becomes the J; dot that is substituted here. Theta dot
is the angular velocity of the joint. Theta double dot is the angular acceleration of the
joint. J is Jacobian. J dot is found out like this. That is how you find out the end effector

accelerations, angular and linear.

Can you try finding out J dot for a simple two-link arm? Now, I want you all to do this
exercise as homework. So, just twist Jacobian times theta dot. Do it for a 2R planar

manipulator. We already have the Jacobian in hand for that. I would like you to do it.

That is all for this lecture. So, in the next lecture, we will do inverse kinematics of a
7-degree-of-freedom KUKA LBR iiwa robot. We will also discuss what Null Space is.
That is all. Thanks a lot.



