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Welcome back. So, in the last class, you learned what a controller is and why a robot
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needs a controller. You also saw an example of a Spring-Mass Damper System, which is
a Second-Order Linear System. So today, we'll move further with that and understand the
behaviour of such systems with different parameters, and their behaviour. So today, we'll

begin with the response of a second-order linear system. So, let us continue.



Second Order Linear Systems

Pre-requisite: A Spring, Mass, and Damper system - A simplified mechanical system
K —»x(t)
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and £ = ———= = damping ratio
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x(t) specifies the displacement of the block as a function of time.
(Depends on block’s initial condition of displacement and velocity).

With no external force F(t) =0
Using Free Body Diagram:

To solve this differential equation, assuming x = et the solution
would depend on its characteristic equation:

Alternatively: —b+ Vb2 — 4mk
ms? + bs + k = 0 which has roots s; 5 = Tm

mx + bx + kx =/f.

X+ 2bwpx + w2x = f'.
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So, this was the slide that you saw even in the last class. So, you saw this is a typical
spring-mass damper system with here is your mass, this is your damper with damping
constant as b, and spring coefficient that is k. So, k is nothing but force generated per unit

displacement.
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So, the unit could be Newton per meter. Similarly, you have b, which is given by the
force generated per unit velocity of the system. So it should be a meter per second. So,

the units are accordingly.

So, you see, these are the two constants that are there that basically determine the
behavior of the system. Basically, that also determines the characteristics of the system.
So that is also defined by the mass which is there. It is applied by an external force F(t).
You see it is here, and let us say if I have a displacement which is given by X(t) at any
instant of time. So, with no external force that is with F(t) is equal to zero. The system

can just be written as:

F(t) = 0



So, this goes zero. So, it is mx double dot plus bx dot plus kx.

mx + bx + kx = f

So that becomes your time domain equation dynamic equation of this spring mass
damper system. This is nothing but a differential equation of the second order.
Alternatively, the same can be written as you saw it can also be written as x double dot

plus 2 psi omega n x dot plus omega n square x is equal to f dash.
X+ 26wpXx + w2x = f’

So, I have divided the whole of the equation by m. So effectively, the f dash is nothing
but f divided by m. So that is here. So, it is proportional to f. So whatever is the

behaviour of f that is fed as an input. So, f-dash also goes in a similar way.

1 | k
f' = —f, w, = \/ — = natural frequency
m m

So, omega n is your square root of k by m, which is known as the natural frequency of

the system.

£

b
= ——— = damping ratio
2v/ km S
Xi (&) is given by b by root over km. So, that is nothing but a damping ratio. X(t)
specifies the displacement of the block as a function of time. That depends on the block's

initial condition, also that is displacement and velocity.

st
X =€

To solve this differential equation, we assumed in the last class that x is equal to e to the
power st, and the solution, you know now, depends on its characteristic equation that is

given by ms square plus bs plus k, which has the roots S1 and S2.

msz+bs+k=0



So, that is S1 and S2. So, it is minus b plus minus root over. This is the discriminant

which is here, that is b square minus 4mk root over divided by 2m.

—b+ v b?> — 4mk

2m

S12 =

So, it has something which is under the square root that can be positive. It can be a real
value. In case it is negative, it will have a complex value. So, in that case, it becomes
minus b plus minus a complex number out here divided by 2m. So, whole of these S1 and
S2 are known as roots of this equation, the characteristic equation, and this decides the

behaviour of the system.
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Case I: Real and Unequal Roots: Overdamped
Roots are real and unequal for b*> — 4km > 0
With no external force the system mx + bx + kx = f with b?> — 4km > 0 would result
in overdamped and sluggish system.
The solution will be of the form x(t) = c1e®t + c et
s1 and s are the roots of the characteristic equation ms?® + bs + k = 0
c1 and ¢, will depend on the initial condition of the system.
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Example 1: System defined by: m=1, b=5and k=06

The characteristic equation is s> +5s5+6 =0

Poles are: s; = —3 and s, = —2, which gives x(t) = ce 3t + e~
and x(t) = —3cie 3t — 2¢cpe~2t

The block is initially released from rest at t =0, = x(0) =1 and x(0) =0

Using these: ¢; + ¢ =1 and —3¢; — 2¢; = 0, which gives ¢ = —2 and ¢ = ﬁ

The motion of the system is given by: x(t) = —2e 3t + 3e~2¢ g“

2t
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Let us begin with different kinds of such systems. One such system could be an
Overdamped system in which b is dominant; that is, damping is dominant over the spring
stiffness. So, the roots are real and unequal. So, in that case, we have no external force.

So, f becomes equal to zero,

mx + bx + kx = f



This is your time-domain solution of your system, and with b square minus 4km going to
be greater than 0, which would result in an overdamped system, and it behaves in a

sluggish way.

b2 — 4km > 0

The solution would be of the form x(t) is equal to c1 e to the power sl t plus c2 e to the

power s2 t, where s1 and s2 are roots of the characteristic equation.

_ slt szt
x(t) =c e tce
cl and c2 are the constants that can be found out by initial conditions, the boundary

conditions, that is, initial velocity and displacement, which were given while you just

pulled it at a distance and just released it so that it can oscillate or it can dampen.

So, s1 and s2 are the roots of this characteristic equation. ¢l and c2 would depend on the

initial conditions.

So yes, let us just take one such example and see the behaviour of this system. So, for this
system, | have assumed m is equal to 1. Units are accordingly in the SI system. So, if it is
I, it is 1 kg. Similarly, b, that is, the damping constant, is 5. Stiffness is 6. So, the
characteristics equation can be written as ms square, that is s square, plus bs, that is 5Ss,

and plus k, so it is 6. It is equal to 0. So that goes here.

So, in the last class you saw why this is called as a characteristic equation. Basically, this
relates to the output by input. So, output and input are related by this, and in the
denominator, you saw this goes. So, if that is real, that is zero, that is a constant which are
having some imaginary numbers, so that will basically govern the behaviour of the

system, and that is the reason it is known as the characteristics equation also.

Let us start analysing this. So, what are the roots here which will be known as the poles,
that is, sl is minus 3, and s2 is minus 2? So now, the equation which I told you should be

like this. So, the time domain solution would look like X(t) is equal to c1 e to the power



minus 3t; one of these will go here, and similarly, s2, that is minus 2, will go here. So,

effectively, your system's time domain solution should look like this.

s1 = —3 and s, = —2, which gives x(t) = cie 3 + cpe %t

Now, cl and c2 are to be determined. We know the system has started from rest. The
initial displacement was given. So, first of all, let me just take the derivative of this.
Taking the derivative would give me, in time, x dot t, which is equal to minus 3 cl e to

the power minus 3t and minus 2 c2 e to the power minus 2t. Got it?
x(t) = —3c1e™ 3t — 2¢cpe™ 2t

So, I now know the time domain solution looks like this. The velocity looks like this. So,
displacement and velocity. Substituting the initial condition. I know t is equal to 0 at time
t is equal to 0. When the block was released, it had a displacement of some unit meter.
So, 1 meter, and then x dot 0 is equal to 0. That is initial velocity is 0. so this is how these
two conditions can be put over here and here. So, at t is equal to 0. I just put t is equal to
0 in this and put x t is equal to 1 here. So, I'll get one equation and again, x dot 0 is equal
to 0. So, I'll put again that t is equal to O in this equation. Okay, and I will get one

equation for x dot t is equal to 0 and put it here.
So, these two will give me two equations.

c. +c.=1and — 3c. — 2c. =0
1 2 1 2

This one and this one. Solving these two simultaneous equations, I could extract c1 and
c2. So you see, I got ¢l as minus 2 and c2 as 3. These values make this time domain
solution of this complete this system complete. So, I'll put them here, and I got to the
motion of the system, which is given by x(t) is equal to minus 2 e to the power minus 3t
and plus 3 e to the power minus 2t. So this is the time domain solution of my system. So,
now I can plot this with varying times, and I can see how it is moving over. So it may
oscillate, it may dampen. So I'll see the behaviour. Also, I know the poles of this system.
So those are given by minus 3 and minus 2. So that can also be plotted somewhere. So,

let us see how to go about it.
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Demonstration: MATLAB® code

% Response of an overdamped system

% Defining the polynomial

poly=[1 5 6];

% Finding the roots

p)= roots(poly);

% Plotting the poles
subplot(1,2,1),plot(p,[0,0], X", MarkerSize' 15)
axis([-4 0 —0.1 0.1]);

xlabel ('Re (s)'); ylabel('Im (s)'); grid—on
10 % cl and c2 obtained from boundary condition
@ cl=-2; c2=3;

12 % Plotting the function

5 ti=0:0.1:5; £ P &

_sg xt=clxexp(p(1)xti)+c2xexp(p(2)xti);
15 subplot(1,2,2),plot(ti,xt);
16 axis ([0 6 0 1]); -

Ao e
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17 xlabel('time, t'); ylabel('x(t)");grid on; ‘i,vi‘
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So, I'll start with a simple MATLAB code. Matlab, I assume quite a few of you must be

having this Matlab also with you. If you even if you don't have one, so octave is free
software that can run any Matlab code of this type. So, you know displacement is to be

plotted against time. So, you have the equation which is given.

x(t) =— 2¢ 4 3¢
So, this can even be coded with simple Matlab code and you can just plot the results. You

just have to plot x with time, with the same variables that I will be taking now.

So, yes, this is your system that is the polynomial of the characteristics equation. It was
given as ms square plus bs plus k. Three things were there, so that is put here, as I have
just created a polynomial with the coefficients which are here. So, the roots of the
polynomial will be stored in the variable which is p over here. So, p will have the value.
So, what value it will have? It will have minus 3 and minus 2. Got it? So, that goes to p,
and I have created two plots. So, one of them will plot p. So, that is the first one. That is
nothing but p. p means you have two values. So, one of them will plot p in the complex
plane. So you have a real number that goes to one axis, and you also have an imaginary
number. So, the imaginary is plotted along here. The real number is plotted over here. So,

you know you have both the roots with minus 3 and minus 2.



So, both the roots will be somewhere over here in the real number line. So, minus 2 and
minus 3 should be visible somewhere over here. So, all the poles are drawn in a complex
plane. So as to analyse your system. This has a special significance you will come to
know now. So, why are we plotting the roots of the characteristics equation in an
imaginary plane somewhere like this, and what does this signify and how can this dictate

the behaviour of your system you will come to know now?

So yes, so with the extents, I have just put the extents so that you can see the range. So,
the whole of the extent is now set so that you can see the range of your values clearly, and
I have labelled it along the x-axis along the y-axis like this. So, these are the two
constants. With this, the time domain equation of your displacement varies. So, xt is
equal to cl e to the power sl t is here. Similarly plus c2 e to the power s2 t. so you have
all the values of constant c1 and c2 here. Whereas s1 and s2 are nothing but that you have
taken you have stored your polynomial roots in p. so pl and p2 will tell that goes here.
So, effectively I am writing the time domain solution of my displacement over here, and
this is to be plotted. So, what I have done I have simply made ti vary from 0 to 5 seconds
in a step of 0.1, which is told here. Similar is the way in Python, similar is in octave, so
you can just key in like that. So, ti goes like this. So, the whole of the ti is inserted here
and here, and the xt array is created. So you get for each value of ti, the system has
calculated xt and xt is stored over here. Now, this is to be plotted against Ti. So Xt against

Ti. So, I have created another plot. So, what do I get? There are two plots.
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So, this is the one which is the plot of roots that are minus 2 and minus 3. The origin is
here. So, this is your imaginary axis. This is your real number line. So, you see, it has
some values on the real number line. So, you have some values which are here. So, these
two are the poles, and both poles are on the negative side in the complex plane. So, both

the poles are on the real number line. They are not imaginary.

So, this is your system, which was plotted against time. So, you have time which goes
here, and x(t) that comes here. So, you see, you have released it from a displacement,

which is 1, and then it gradually comes to 0.

So, without any oscillation, you see it is a system that is given by roots where real and

unequal.

b: — 4km > 0

So, b was dominant. So, it was an overdamped system. So, it is an overdamped system. It
quickly comes to rest. So, that is the zero thing. So this is the behavior of a system for
real roots which are on the negative side in the complex plane. So, this is the system. This
should govern the system, and this is your actual system, how it is behaving. So, just
remember this, and we'll compare this with other results that we'll be getting in the next

system example that I am going to give. So this is the first.
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Case Il: Complex Roots: Damped Oscillatory

Roots are complex conjugates for b — 4km < 0
Results in oscillatory system with dominating stiffness.

V4mk — b2

b
ss=A+ipand s, =\ —iu, where \ = ——— and pu =
2m 2m

Using Euler’s formula e = cosx + isinx in x(t) = ¢t + ce®t
= x(t) = eM[ay cos(ut) + ag sin(ut)]

where a3 = ¢; + ¢ and ap = i(¢1 — ¢2) can be obtained from initial position and velocity.
Assuming a; = rcosd and ap = rsind gives: x(t) = re’ cos(ut — d)

where r = \/a? + a3 and § = atan2(az, a1)

» The resulting motion is oscillatory with exponentially decreasing amplitude towards zero

for negative A
» For b =0 it is completely oscillatory corresponding to s;» = £pui b
. »
u = +/k/m is natural frequency of the system. ==
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Now, the second one. So this is a system where you have b square minus 4km less than 0.

b> — 4km < 0

That means I should see complex conjugates. Complex number roots always appear in
conjugates. You know that already. If it is a quadratic equation like your characteristics
equation. So, those two numbers, those two poles, those are the roots may be written as
lambda plus i mu and lambda minus i mu.

vV4mk — b?

. : b
51—/\+luandsz—A—lu,where/\——ﬂandu— om

Where lambda is given by minus b by 2m and similarly mu may be written as this. So, |
have just taken 1 square is equal to minus one okay? So, that is a complex number thing
that you are already familiar with. So, I'll just put it here, and you substituting the values

s1 and s2 to this equation.
e* = cosx + isinx in x(t) = c et + cre®t

So, what do you get? You can quickly write it as X(t) is equal to C1 e to the power
lambda plus i mu plus C2 e to the power lambda minus i mu into t, and again here, you

also have t.
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x(t) = ¢, )

So, this can be taken out as e to the power lambda t that can be taken out, and inside, you
will have cl e to the power i mu t plus c2 e to the power minus i mu t. So that goes

inside.

x(t) = eM[clei“t + cze_mt]

So now, I can substitute the second part of it. This one e to the power 1 x is equal to cos x
plus 1 sin x. So if you substitute that once again here, so you can get e to the power
lambda t that is still outside and c1 here, I will write it as cos mu t plus i sin mu t. So, that
comes here, and similarly, over here, I can write it as plus c¢2 cos mu t. This time, it
should be with a negative sign here cos minus mu t, and again, you have plus 1 sin minus
mu t. So, this can be written like this. So that comes here minus mu t, minus mu t. And

finally whole of the bracket will come here. And that is it.

So, if you take all of these commons, you can write it as e to the power lambda t c1 plus
c2 cos mu t that will come here and plus i ¢l minus c2, and you can write sin mu t got it.

So, this is how you can write your system x(t). So, that goes exactly like this.

So, if i again take this as alpha 1 and this as alpha 2. So, again, you can proceed it like

this. So, you can write it as X(t) is equal to exactly like this.
x(t) = e*[aq cos(ut) + az si\n(l;u,t)]

So, everything comes here, whereas alpha 1 and alpha 2 are nothing but C1 plus C2, and i
C1 minus C2.

a1 =¢c1+ 6 and ap = !'(Cl — C2)

They can be obtained from initial position and velocity. So, you already know when you
have released your block and at what displacement you have released, what velocity you
have imparted. So, those initial conditions can be put the way we did just now in the

earlier example, and I can evaluate alpha 1 and alpha 2.



So yes, again, I will assume alpha 1 and alpha 2 as r cos delta and r sin delta.
1 = rcosod and o = rsind

That can lead me to this.
x(t) = re’ cos(ut — §)

So how? I will tell you once again. So, what was that? So you just got x(t) is equal to e to
the power lambda t. Here, you see you have r cos delta and cosine mu t plus r sine delta
and sine mu t. So, that is here. So you see you can bring out your r that goes as e to the
power lambda t. Inside what you see, cos delta cos mu t, sine delta sine mu t. So that can
be written as cos mu t minus delta. Those are simple trigonometrical substitutions. So you

see. Your system behaviour will now be given by this.
x(t) = re* cos(ut — §)

So this is the time-domain solution of this. So if you just. Square and add your
substitution which you made here. So squaring and adding will give you alpha 1 square
plus alpha 2 square. Root over becomes r, and by dividing alpha 2 by alpha 1, you can get
to this. That is, delta is equal to tan inverse alpha 2 by alpha 1. So that is there.

r=+\/ai+ a3 and 6 = atan2(a, ay)

So quickly, you have obtained your equation for the time dependency of your system. so
you can plot your system now with time. The displacement with time you can obtain
from this. That will tell you how your system is behaving. Is it oscillating, or what is it
doing? You already know what your roots are. Your roots are nothing but complex

conjugates.

The motion is oscillatory with exponentially decreasing amplitude. You see, this is a
constant. For any value of lambda, this is a constant but multiplied by e to the power

lambda t. Lambda is negative. You see, lambda is negative. So, it is exponentially



decreasing amplitude. So, this basically creates the amplitude. So, you see, it is

exponentially decreasing, and this is creating an oscillatory behaviour.

With time, if you plot, your displacement will behave in a cosine manner with some
phase over here. So. it won't start with the exact position where you see the peak, but you

see here you have some delta, which is given by this.
d = atan2(wp, aq)

So, the resulting motion should be oscillatory and exponentially decreasing amplitude
towards O for the negative value of lambda. Lambda is negative; you know that. For b

equal to 0, that is, if you substitute b equal to 0, so this becomes 0.

So, lambda is 0. So, in that case, this is purely a constant value, and you are left with just

cosine oscillations.
At — 4
re*t cos(ut — 9)
So, your system now is completely oscillatory, corresponding to s1,2, which is just plus
or minus [ mu.
s1,2 =+ i

So, what is this? It is just pure complex numbers. So, it does not have any real value. So,
it is imaginary. So, both the roots are imaginary, and they are conjugates, and you do not
have anything. So, it is exactly on the real-imaginary number line. You have mu, which is
given by the square root of k by m, which is basically the natural frequency of the

system.
uw=-k/m

So, you have mu. So, that is the angular frequency of cosine. So, you see, mu was here,

and what was mu? So, you just substitute b is equal to 0 here, and you get mu. So, mu is



equal to the square root of k by m, which will show the natural frequency of the system

with which it will oscillate.
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Example 2: Complex Roots: Damped Oscillatory
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System defined by: m =1, b=1, and k = 1, with characteristic equation s> +s+1=0

V3.

The roots are: 510 = —= &+ —
1,2 5 5

- ~St 3 3
The motion of the system is given by: x(t) =e 2 (al cos %t + azsin §t> and

1
-= 1 -t 3 3
x(t)=-e 2t<a1\[sm\2[t+ zgc s\[t> 2e 2 (alcos\gtJragsin\z[t)

1 3
Using initial condition x(0) =1 and x(0) =0; a; =1 and —Zay + £0¢2 =0,=a,=1/V3

2 2
-5t 3 1 .3
= x(t)=e 2 (cos %tJr %sm {t)
Using x(t) = re* cos(ut — §) where r = \/a3 + a3, § = atan2(az, 1) and = \/k/
- 1
2 -zt V3 5
=—¢ 2 - -
W x(t) \/ge (cos‘ >t % v/ Al
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So, now let us just see how to plot this with the system, which is similar to this. So, you
have your system given by m is equal to 1, b is equal to 1, and k is equal to 1. The
characteristic equation is given by s square plus s plus 1. Roots are complex conjugates

with a real value here and an imaginary value here.

V3.

. +
Sip=—=+ —i
1,2 5T

The motion of the system will be given as x(t).
1 V3 V3
——t
x(t)=e 2 (alcos St azsin Tt)

x(t) 1s e to the power lamda t. r e to the power At. You see, 1 is 1 here. So e to the power
M. So A was minus 1 by 2, which comes here, and plus-minus mu. So, mu will go here

mu t. So, alpha 1 cos mu t plus alpha 2 sin mu t. So mu comes here.

So again, moving further. So, if I take the derivative of this. So, I should be getting this.



x(t)=e 2 7a17sin7t+a270057t 3 alc057t+rxgsin7t

-1z< Vi V3, V3 ﬁ)ﬁe-}( ;. ﬁ)

You can do it yourself. So, first into a derivative of second and second into a derivative
of first will give you this. So, this I have done to just get the position and velocity
equation of my system, and when I substitute the initial condition, that is at time t is equal
to 0, x is equal to 1. Similarly, for velocity, the x dot is equal to 0. At time t is equal to 0,
putting these two values in these two equations, I can get alpha 1 is equal to 1 and minus
1 by 2 alpha 1 plus root 3 by 2 alpha 2 is equal to 0.

1
x(0) =1and x(0) =0; &y =1 and 5ot ?az =0, = a,=1/V3

So, these are two simultaneous equations I am getting out of these two input equations.
Solving this I also will get alpha 2 as 1 by root 3. Alpha 1, you got here, and alpha 2 is

here. That makes this system time domain solution complete.

So now, my system equation will tell x(t) is equal to e to the power lambda t alpha 1 and
alpha 2 will come here, and you get the complete solution. So, this is how your system

will behave.

So, if I can again substitute for those constants you already know that, so you get to
cosine variation of your equation. So, you can directly use those substitutions where r is
equal to this, and delta is equal to this, mu is equal to this. So, you know you can write

your equation in a new form, which looks like this.
x(t) = re* cos(ut — 0) where r = Vai+a3, 6 - atan2(ag, ay)

So, here you see this is your r-value that is going to come and e to the power minus
lambda t. So you have e to the power lambda t, lambda was minus 1 by 2. So, r is
calculated here and cosine mu t minus delta. So, the delta is 5 pi by 6. So, this is your

system dynamic equation.



So, x(t), this is the time domain solution. You can quickly plot this and see its behaviour.

You already know the roots. The roots are complex conjugates. So, let us plot both. You

can plot in the complex plane. You can show your poles where they lie, and you can also

plot the behaviour.

Demonstration: I\/IATLAB® code

%/ Response of an underdamped system
% Defining the polynomial

poly=[1 1 1];

% poly=[1 0 1]; % For damping b=0

% Finding the roots _
p = roots(poly); pr=real(p);pim=imag(p);

% Plotting the poles

subplot(1,2,1),plot(pr,pim, X', MarkerSize',h15) ‘4.//
xlabel ('Re (s)'); ylabel('Im (s)"); grid on;

% Plotting the function
% The symbol . is to multiply two vertors term by term
all=1; al2=1/sqrt(3); ti=0:0.5:30;

xtl=exp (pr(1l)=«ti).*x(allxcos(pim(1l)xti)+al2x*sin(pim(1l)=xti));
xt2=2/sqrt (3)xexp(pr(1l)*ti).*xcos(pim(1l)xti—atan2(al2,all));
subplot(1,2,2),plot(ti,xtl,ti,xt2, x");

xlabel('time, t'); ylabel('x(t)");grid on;
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So now, I am doing that. So, I am using my MATLAB code once again. So, [ am defining

my system, storing the roots here, storing the real and the imaginary values here, and

showing them in the complex plane. Now, I am labeling them also here. Again, I am

defining my system over here for the time variation in how my xt will go, and I am

putting them, plotting them once again here, and I am labelling it here.
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So, see how my system is behaving. You see, I have zero and zero, so that is coming
here; that is your origin. So, both the poles are on the negative half of your complex
plane, and both are complex conjugates. So, whatever this is, it is the same value
mirrored like this. And your system, you see, this time it started from here. It is
overshooting to some value, overshooting on the other side, and coming back. It is still

oscillating, which is not clearly visible here, but it is oscillating and finally reaches zero.

So, what kind of system did you expect here? It is a damped oscillatory nature. You see,
your system is damped oscillatory, and the amplitude decreases exponentially every time.
So, whatever the amplitude is here, the next amplitude at every cycle will be reduced

exponentially, and finally, it comes to this. So, that is how it behaves.

So now, you see, again, you can compare it with your earlier results. So, this time, you
have poles which are on the complex side of it. So, you have these two complex number
values here, and they are on the negative side of the complex plane. So, negative and

complex conjugate systems exhibit damped oscillatory behaviour.
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Now, let us look at the system when it was an undamped system. So, it is purely

Collaborative Robots (COBOTS): Theory and Practice

oscillatory. You have seen this by analysis. So, by plot analysis, both the roots are shown
here. You only have mu here; that is plus and minus in the complex plane mu 1 and minus
mu 1. So that comes here. Exactly on the imaginary line. You see. So, these are your
roots. So, the roots are imaginary this time. It doesn't have any real value. The system is

oscillatory. The system is plotted here, and you see it has the same amplitude every time.

It is not an exponentially decreasing amplitude.

So, based on the roots that lie in the complex plane, you have the system behaviour. So,
roots basically decide the behaviour of your system. So, as soon as you get your system,
you quickly find out the roots of its characteristic equation. You can quickly say how my
system is going to behave without further looking at the time-domain solution and the

plots. So, you can directly tell. So, this is the beauty of having such plots.
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Case Ill: Real and Equal Roots: Critically Damped
Critically damped for b*> — 4km =0
The system will have real, equal and repeated roots s; = sp, with solution as:

{/

|
’l

x(t) = (a1 + cat)et, where sy = s = s = ——
m
— The constants ¢; and ¢, can be found using the initial conditions x(0) and x(0).
— Most desirable condition as it has fastest possible non-oscillatory response.

Example 3: System given by: m=1, b=4, and k =4

The characteristic equation is: s> +4s+4 =0

The roots are 51 = s = s = —2 which gives x(t) = (c1 + cot)e 2t
Using the initial condition as: x(0) =1 and x(0) = 0 gives

a=1land 2c+c=0=c=2 - n

“/ The motion of the system is given by: x(t) = (1 + 2t)e~2t

S 1
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Now, let us look at the third case when you have real and equal roots. That is a critically
damped case. I will tell you what a critically damped thing is. So, this time, you have b

squared minus 4km is equal to 0.
2
b — 4km =0

This time, you have repeated roots: sl is equal to s2, and the solution by differential
equation you already know. So, this is x(t) is given by cl plus c2t e to the power st. s is

nothing but s1, and s2 is s, and that is given by minus b by 2m.

b

x(t) = (c1 + cot)et, where sy = 5p = s = ——

() = (a + ct) 1= -
So, that quickly comes here. So, you can directly substitute s in this equation, and you
already know that ¢l and c2 can be obtained by taking the derivative of this. That is, x
and x dot t and substituting the boundary condition you can obtain two equations. By

solving those two equations, you can quickly get c1 and c2. So, c1 and c2 are obtained by

the boundary conditions and the initial conditions. So, that is this. At time t is equal to 0.

So, this is the most desirable condition, as it is the fastest non-oscillatory response. So,
the system is not at all oscillatory in any case, and it quickly comes to 0. So, this is the

behaviour you want. You know what you are doing with all these systems. You have



commanded your robot to go to a place. Your robot may be a second-order system. In this
case, you just command your robot to go to a place, and it can simply oscillate and come
back to a location, or it can just go to a place and stop there, or it can go to that place very
fast and still stop there without oscillating. So, this is the case of the critically damped
case, in which it quickly goes to that place and stops there. So, this is the behaviour you

want. Most of the time, you should be like this.

Let us say your system is oscillating. What will happen? You reach to a place and
oscillate. So, that is very much undesirable because what you will see, you have been
commanded to pick a ball from a table and what it will do. It will simply hit the table
because it will overshoot and come back. It will overshoot on the other side again
overshoot. So, it can hit the table. Without actually going to the precise location on top of
the ball and holding it, it will hit the table. So, that is what is strictly undesirable in
robotics. So, you should either be overdamped, or you can be critically damped.
Critically damped is not always possible. So yes, you can be near to critically damped.
So, this is the most desirable condition. This is what should be obtained through various

parameter tuning. We'll see tuning later on also. So, this is a non-oscillatory response.

Let us just start with one example once again. So, this is m is equal to 1, b is equal to 4,
and k is equal to 4. Your characteristic equation is like this. Now, see the roots. Roots are
equal, that is -2, and I have made my time domain solution. Taking the derivative of this
and substituting the initial boundary condition. I can get two equations: that is, c1 is equal

to 1 and -2c1 plus c2 is equal to 0.
cit=1land —2¢ 4+ =0, =¢c =2

So, these two are the simultaneous equations. Solving this, I got c2 is equal to 2. So, cl

and c2 both are obtained. So, that can now be put here,
x(t) = (c1 + cpt)e 2t

And you get the complete time domain solution.



x(t) = (14 2t)e2t

So, it is your displacement given over time. It will vary over time like this. So, this is how
your system will behave. So, you can plot this. You can plot your roots also. Roots are

nothing but real and equal roots.

/

Demonstration: I\/IATLAB® code

, //(liliggi
) §g§
gy
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1 %% Response of a critically damped system

2 % Defining the polynomial

3 poly=[1 4 4]; \/

4 % Finding the roots

s p = roots(poly); pr=real(p);pim=imag(p);

6 % Plotting the poles

7 subplot(1,2,1),plot(pr,pim, X', MarkerSize', 615) \/

s xlabel('Re (s)'); ylabel('Im (s)'); grid on;

9 % Plotting the function

10 % The symbol x. is to multiply two vertors term by term v’

ti=0:0.1:8; - -

11
’l/‘//z/ xt=(142%ti).xexp(—2xti); 1%
13 subplot(1,2,2),plotti ,xt);w

1 xlabel('time, t'); ylabel('x(t)");grid on; ﬂ
I“\V
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So again, I am using a similar MATLAB code. So, this is your system polynomial. Roots

Collaborative Robots (COBOTS): Theory and Practice Arun Dayal Udai

are stored in p. So, you have taken real and imaginary here. You know already. You
should not get any imaginary value here and plot your markers. So, that is nothing but
your roots that can be plotted in the complex plane. So this is the first plot, and time this
time, I am varying my time exactly like this. So your time exactly goes like this. It is

from zero to this.

So, yes, you see, you have xt, which is defined here. It is 1 plus 2t, and you have
exponential variation that is defined here. So, your xt is defined like this. So, the symbol
star dot especially says to multiply the two vector terms by term. So, that is the way to

program it in MATLAB.

So now, I'll plot xt versus ti. So, ti will vary along the x-axis, and xt is plotted. So, this

will show the behaviour of my system with time, and those are labelled here.
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So, let me just see the system. How does it look? So, you know, this time, my roots were
exactly lying at the same location, and that is real. So, both the values were in the
imaginary plane. It was zero. It was purely real, and both were minus two, as shown here.
So again, it is on the left-half side of your complex plane. So, it is on the left side. Both
are equal and real, and your system is critically damped. So again, remember this. So, in
this case, both are real, the left side in the Complex plane, and your system is critically
Damped. Real and equal gives you this case. So, this is the fastest Non-oscillatory

response.

So you see, As your damping ratio Xi decreases, the poles of the system approach the
imaginary axis, and the response becomes increasingly oscillatory, whereas, with
increasing damping, the response gets sluggish. So, there is a time in between in which
you should see a critically damped case. After that, it becomes overdamped. So, this is
the set of behaviours that you should see. In all these cases, I have given some examples
to make you understand. So, you just have to remember how and where in a second-order
system you should see those roots. Where does it lie? So, it should lie on the left half side
of it, and preferably, we prefer to get this. But if not this, you should be happy with a
critically damped case, or you should be better having an overdamped case, but definitely
not an oscillatory nature and pure oscillatory is definitely very, very bad. So, it will

infinitely keep on oscillating. So, those are the undesirable cases.
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Spring-Mass-Damper System with an External Force
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In the cases discussed, if the external force f(t) # 0 the general solution is given by:
For real and unequal roots: x(t) = c1et + 2t + ¢, 7
For complex roots: x(t) = c1et + et + ¢, 7

-t v
For real and equal roots: x(t) = (c1 + c2t)e 2m +¢, V/

where ¢, can be assumed to be the particular solution for the initial condition of f.

P

-

=
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So yes, let us move ahead now and see how your system behaves with an External Force.

This is what your system actually is. It is not that it is naturally oscillating in some
manner with its natural characteristics. So, that is what we have analysed now. So, how
does that affect any external force? So, you get to see similar results. So, in the cases as
discussed, if the external force is not equal to zero, the general solution in the first case,

when real and unequal roots, you should see a similar result.

For real and unequal roots: x(t) = c1e®! + ce®! + ¢,

The only thing that will change here is. You will see the term which is here (c,). So, apart
from the constant which is ¢l and c¢2. This is the additional constant. So, you should
know x0, you should also know to x dot 0, and at that, t is equal to 0; you should also
know how much is your f what is the force value. So, if you also know the third
condition, you can get to the third constant. So, these two will create ¢l and c2 variations.
Whereas this one will directly affect this one, and all three constants will be calculated

using three boundary conditions. So, that is for real and unequal roots.

Similarly, for complex roots, you should see a similar one, a similar equation with ¢,

coming here.



For complex roots: x(t) = c1e®t + %! + ¢,

Again, the same parameters are required to find out these constants. s1 and s2 are the
roots of the characteristics equation. So, your system characteristics equation remains the

same. So, that is not affected by the external force. So, that is why it is external.

In the case of real and equal roots, you see this equation again, once again, and this is

your c,,.

b

For real and equal roots: x(t) = (c1 + c2t)e_2m + ¢

So, ¢, can be calculated using all those initial parameters. Yes, ¢, can be assumed to be a
particular solution for the initial condition of f. So, with the initial condition of f, you can

find out the value of ¢, in all these.

J/

Ly,
g/

Example 4: Spring-mass-damper with external force

Using examples 1, 2 and 3 with step force input of f = 1 unit with zero initial conditions of x(0) and x(0)

//
b <
l"'

For real and unequal roots (m=1, b =75, k = 6):
1 —2t -3t
x(t) = 6[1 — (et —2e7%)]

For complex roots (m=1, b=1, k=1):

1
-t V3 1 V3
x(t)=1-e (cos 5 t—i—\/gsm 5 t>

For real and equal roots (m =1, b=4, k=4): , r
—_—

v K0 = gl (14207 ﬂ
hod
4 \ﬂ‘ \
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Let us see a few examples for real and unequal roots. The equation that we have taken we
started with the same one. Example 1, I have put it once again here. mis equal to 1, b is
equal to 5, k is equal to 6. The characteristic equation remains the same. So, the roots go

here. sl and s2 will come here. The only thing that has changed is the ¢, value. If you



relate it with the previous one, ¢, can directly come to the other side of the equation. I can

write it like this.

x(t) = %[1 — (3e72t — 2e73Y)]

So, this is your ¢, value that has come here. So, this becomes your time-domain solution.

Again, in the case of complex roots. Again, you can write your equation like this. You
have lambda plus minus i mu. So, the mu term will go here, and the lambda term will go

here, and ¢, comes here, and the time-domain solution will be like this.

1
-t V3 1 V3
— 1 — 2 .
x(t)=1—e (cos > t+—\/§ sin — t)

So, by plotting these, you can see the influence of the external force and how your system

behaves with that external force.

Similarly, for real and equal roots, m is equal to 1, b is equal to 4, and k is equal to 4.
Roots are equal, and they are b square minus 4ac is equal to 0. In that case, you get to see
this equation. This should be a critically damped case once again, and then this is your c,

value that comes here, and everything is like this.

x(8) = 5[~ (1+20)e2]
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Demonstration: MATLAB® code C§) V~

T - w;ﬂf

1 %% Response of a spring—mass—damper system with external force
2 % Defining the systems transfer functions

3 numerator=J[1]; denominatorl:[l 5 6]; denominator2=[1 1 1];
enominator3=[1 4 4]; ‘ ===

4\ systeml = tf(numerator, denomlnatorl)
5| system2 = tf(numerator denominator2);
6| system3 = tf(numerator denomlnay3)
7 step(systeml system2 ,system3);
s xlabel( 'Time (Seconds)'); ylabel( ' Amplitude’);grid on;
veva
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So now, I'll plot all of them. So, this time, I am using a different way to plot it. I am
defining it as a transfer function, the way we discussed it in the first class. So, this is your
first denominator, which is basically x(s), which is the output by F(s).

x(s) __ 1
F(s) ms’+bs+k

T(s) =

So, this becomes your transfer function. So, x(s) is the numerator. So in the numerator,
you have one only. In the denominator, you see you have F(s) output by input. So, that is
the transfer function. So, you see x(s) by F(s). So, that should tell you 1 by ms square
plus bs plus k. So, that basically gives you the transfer function. So now this becomes
your numerator that, is your denominator. For the numerator you have the same values
for all the cases, whereas this will change. So, that is the denominator for the first case,
the second case, and the third case. So, you have three systems. All of these can be

plotted together in MATLAB. I'm labelling it like this (Time and Amplitude).
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Amplitude

-

4 6 8
Time (Seconds) (seconds)

So, I am plotting all the systems together here. So, this was a system with real and
unequal roots. This is the one. You have complex roots. It is oscillatory. It has an
overshot. It has come back, and it is like this, and the third one, which has real and equal
roots. So, this is the critical condition in which it settles down very fast. So, you see, you
have an external force, and with time, it settles to a value. This time, it won't settle for a
value that is zero. This time, it gradually reaches rest, which is here. This is a step-input
response. So, the step was just one unit. So, you quickly reach the one that is here, and
you just overshoot it, come back, and ultimately settle somewhere over 1. For different
roots, this is the thing that will basically define your system, and this is the behaviour of
your system. So, these are the MATLAB plots. You can do that yourself also in Octave or

maybe in Python.
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Performance of a Second Order Linear Control System
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This is what the performance of your control system is. So, you can quickly write it as
Displacement is plotted here, and your time varies like this. You see, you have an
overdamped case for xi greater than 1, an underdamped case for xi lying between 0 to 1,
and this is the case that was critically damped, where xi is equal to 1. So, in that case, it is

a critical time, and in this case, the system settles to the desired value very quickly.

So, this is the fastest non-oscillatory response. So, everything can be seen here. So, this is
the plot of the system. So, you already know where your roots lie. So, you can, based on
the roots and their location in the complex plane, decide how your system is going to
behave. So, you know how to get the characteristic equation of your system, and you can

find out the roots. You can say, how is my system?

So, that's all for today. In the next class, we will see the Transfer Function Approach and
State Space Approach to analysing your system. We will also look at the DC Motor
Model of a robot joint and discuss it further.

So, yes, that's all for today. Thanks a lot.



