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Theoretical analysis – governing equations: 

Mass conservation in terms of mixture density and x-direction velocity is written as, 

𝑑

𝑑𝑥
(𝜌𝑢) = 0 ⇒ 𝜌𝑢 = 𝑚̇″ =  constant 

Fuel conservation is written in terms of mass fraction of the fuel (YF) and the net volumetric rate (kg/m3s) at which 

the fuel is consumed (𝜔̇𝐹
‴). 

𝑚̇″
𝑑𝑌𝐹
𝑑𝑥

= 𝜌𝐷
𝑑2𝑌𝐹
𝑑𝑥2

− 𝜔̇𝐹
‴ 

Conservation equation of the oxidizer is written as, 

𝑚̇″
𝑑𝑌𝑂
𝑑𝑥

= 𝜌𝐷
𝑑2𝑌𝑂
𝑑𝑥2

− 𝜔̇𝑂
‴ 
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Theoretical analysis – conserved scalars: 

Energy conservation with chemical energy source term (𝜔̇𝐹
‴𝛥ℎ𝑐), which is the heat release rate is written as, 

𝑚̇″𝑐𝑝
𝑑𝑇

𝑑𝑥
= 𝑘

𝑑2𝑇

𝑑𝑥2
+ 𝜔̇𝐹

‴𝛥ℎ𝑐 

Consider a global reaction that occurs at infinitely fast rate:  

1 kg fuel +  kg oxidizer → (1 + ) kg products.  

If a variable, bFO = (YF – YO/), is defined, then it can be noted that 𝝎̇𝑭
‴ - 𝝎̇𝑶

‴ /  = 0. This implies the governing 

equation involving bFO does not have the non-linear source term. Such a variable is called a conserved scalar. 

Similarly, other conserved scalars can be as: 

bOT = cpT + hc × YO/ and bFT = cpT + hc × YF 

 

Theoretical analysis – formulation: 

To solve the transport-controlled combustion problem, a conserved scalar, b, is considered as one of the variables 

defined earlier: b = bFO = (YF – YO/) or b = bOT = cpT + hc × YO/ or  

b = bFT = cpT + hc × YF 

Properties such as thermal conductivity (k), specific heat (cp), density (ρ) and mass diffusivity (D), are considered as 

constants and are evaluated at a given average temperature. A constant Z is defined as 1/(ρD) or cp/k; Lewis number  



Dr. V. Raghavan, IIT Madras 3 

 

 

= 1. Governing equation for the conserved scalar is written as, 

𝑚̇″𝑍
𝑑𝑏

𝑑𝑥
=
𝑑2𝑏

𝑑𝑥2
 

Under steady conditions, 𝑚̇″ and 𝑍 are constants. Integrating, 

𝑚̇″𝑍𝑏 + 𝑐1 =
𝑑𝑏

𝑑𝑥
 

Theoretical analysis – inner region solution:  

Separating the variables and integrating again: 

𝒎̇″𝒁𝒃 + 𝒄𝟏 =
𝒅𝒃

𝒅𝒙
 

𝒅𝒙 =
𝒅𝒃

𝒎̇″𝒁𝒃 + 𝒄𝟏
 

𝒎̇″𝒁(𝒙 + 𝒄𝟐) = 𝒍𝒏(𝒎̇″𝒁𝒃 + 𝒄𝟏) 

𝒃 =
𝒆𝒎̇

″𝒁(𝒙+𝒄𝟐) − 𝒄𝟏
𝒎̇″𝒁

 

For the inner region between fuel surface and flame, boundary conditions are: At x = 0, b = bs and at x = xf, b = bf. 

Invoking these, the constants are evaluated. Solution for the inner region is: 
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𝒃(𝒙) =
𝒆𝒎̇

″𝒁(𝒙−𝒙𝒇)(𝒃𝒇 − 𝒃𝒔) − 𝒃𝒇𝒆
−𝒎̇″𝒁𝒙𝒇 + 𝒃𝒔

(𝟏 − 𝒆−𝒎̇
″𝒁𝒙𝒇)

 

Theoretical analysis – outer region solution: 

For the outer region, boundary conditions are: At x = xf, b = bf. At x = δ, b = b. 

𝑏 =
𝑒𝑚̇

″𝑍(𝑥+𝑐2) − 𝑐1
𝑚̇″𝑍

 

Invoking the boundary conditions, the constants are evaluated. Solution for the outer region is: 

𝒃(𝒙) = (𝒃∞ − 𝒃𝒇) (
𝒆𝒎̇

″𝒁𝒙 − 𝒆𝒎̇
″𝒁𝒙𝒇

𝒆𝒎̇
″𝒁𝜹 − 𝒆𝒎̇

″𝒁𝒙𝒇
) + 𝒃𝒇 

Three ‘b’ variables involving YF, YO and T are used as conserved scalars. Solution of b variables in the inner and the 

outer regions are presented above. From this, YF, YO and T can be calculated. 

Boundary conditions for primitive variables: 

Boundary conditions for YF, YO and T 

x YF YO T 

0 YF = YF,s 0 T = Ts 
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𝒎̇″ =  𝒎̇″𝒀𝑭,𝒔–𝝆𝑫
𝒅𝒀𝑭
𝒅𝒙

|
𝒙=𝟎

 𝒌
𝒅𝑻

𝒅𝒙
|
𝒙=𝟎

= 𝒎̇″𝒉𝒇𝒈 

xf 0 0 T = Tf 

𝒌
𝒅𝑻

𝒅𝒙
|
𝒊𝒏
= 𝒌

𝒅𝑻

𝒅𝒙
|
𝒐𝒖𝒕

+ 𝒎̇″𝜟𝒉𝒄 

xδ 0 YO = YO,ꝏ 

𝒅𝒀𝑶
𝒅𝒙

|
𝒙=𝜹

= 𝟎 

T = Tꝏ 

𝒅𝑻

𝒅𝒙
|
𝒙=𝜹

= 𝟎 
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‘b’ variables and associated boundary conditions 

X bFO bFT bOT 

Definition 𝑌𝐹 − 𝑌𝑂/𝜐

𝑌𝐹,𝑠 − 1
 

c𝑝𝑇 + 𝛥ℎ𝑐𝑌𝐹

ℎ𝑓𝑔 + 𝛥ℎ𝑐(𝑌𝐹,𝑠 − 1)
 

c𝑝𝑇 + 𝛥ℎ𝑐𝑌𝑂/𝜐

ℎ𝑓𝑔
 

x = 0 

𝑑𝑏

𝑑𝑥
= 𝑚̇′′𝑍 

𝑌𝐹,𝑠
𝑌𝐹,𝑠 − 1

 
c𝑝𝑇𝑠 + 𝛥ℎ𝑐𝑌𝐹,𝑠

ℎ𝑓𝑔 + 𝛥ℎ𝑐(𝑌𝐹,𝑠 − 1)
 

c𝑝𝑇𝑠

ℎ𝑓𝑔
 

x = xf 0 c𝑝𝑇𝑓

ℎ𝑓𝑔 + 𝛥ℎ𝑐(𝑌𝐹,𝑠 − 1)
 

c𝑝𝑇𝑓

ℎ𝑓𝑔
 

x = δ 

𝑑𝑏

𝑑𝑥
= 0 

−𝑌𝑂/𝜐

𝑌𝐹,𝑠 − 1
 

c𝑝𝑇∞

ℎ𝑓𝑔 + 𝛥ℎ𝑐(𝑌𝐹,𝑠 − 1)
 

c𝑝𝑇∞ + 𝛥ℎ𝑐𝑌𝑂,∞/𝜐

ℎ𝑓𝑔
 

 

These boundary conditions are used to calculate 𝑻𝒇, 𝒎̇′′ and xf. Here, Ts and YF,s are unknowns and are related using 

thermodynamic equilibrium at the interface.  

Steady mass burning rate & flame temperature: 
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From this approach, for steady burning of a liquid pool/film, the expression for mass loss rate is given as, 

𝒎̇″ =
𝟏

𝒁𝜹
𝒍𝒏(𝟏 + 𝑩) 

The Spalding’s transfer number is expressed as, 

𝑩 =
𝑪𝑷(𝑻∞ − 𝑻𝒔) + 𝒀𝑶,∞ × 𝜟𝒉𝒄 𝝂⁄

𝒉𝒇𝒈
 

Flame temperature and its location are given as: 

𝑻𝒇 = 𝑻𝒔 +
(𝝂𝑩 − 𝒀𝑶,∞)

(𝝂 + 𝒀𝑶,∞)

𝒉𝒇𝒈

𝑪𝑷
 

𝒙𝒇

𝜹
= 𝟏 −

𝒍𝒏(𝟏 + 𝒀𝑶,∞ 𝝂⁄ )

𝒍𝒏(𝟏 + 𝑩)
 

Mass fraction of the fuel at the interface is: 

𝒀𝑭,𝒔 =
𝑩 − 𝒀𝑶,∞ 𝝂⁄

(𝑩 + 𝟏)
 


