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Lecture - 21
Parallel Manipulator Jacobian Matrix

Welcome to this NPTEL lectures on Robotics: Basic and Advanced Concepts. In the last
lecture, we had looked at the serial manipulator Jacobian matrix, ok. So, we started with
propagation of linear and angular velocity vectors, then we reorganize this angular velocity
vectors into something times the joint rates and then we equated that to the linear and

angular velocity of the end effector ok.

So, we could start from 0 which is the fixed coordinate system propagate upwards to link
1, link 2 and so on ok. In this lecture we look at Parallel Manipulator Jacobian Matrix. So,
in the parallel manipulator Jacobian matrix we do not have a single way of going from the
fixed to the chosen end effector. There are multiple parts, there are multiple loops. So, we

need to look at how to obtain the parallel manipulator Jacobian matrix ok.

(Refer Slide Time: 01:22)

PARALLEL MANIPULATOR JACOBIAN
MATRIX

o Parallel manipulators has both actuated and passive joints — q = (8,0)"
o Loop-closure equations do not contain all joint variables,
o No natural choice of end-effector { Tool} — No velocity propagation.

o Platform type parallel manipulator - Position of centroid & orientation of
platform { Tool} is of interest.
o Linear and angular velocity of centroid and { Tool}

d T .
OwTaoi = E(QTUOJ[RI) ?rool[R] :g'ooi [Jﬂ’(q)]q

o
1o o g ¥
Voo = §(°P1+°Pz+uﬂa):Uraaf[Jv(Q)]q (26)

® ToallJ0(a)]: Taoi[(4)] - Angular and linear velocity Jacobian.
o q - Time derivatives of configuration variables q.
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So, in a parallel manipulator it has both actuated and passive joints. So, the configuration
vector or configuration space vector g contains both 8 and ¢. And we have been using 8
to denote the actuated joints and ¢ to denote the passive joints. The loop closure equations

do not contain all the joint variable. So, for example, we had looked at this 3-RPS parallel



robot and when we broke up at the spherical joint, then it did not contain the joint variables

of the spherical joint.

Other important thing is there is no natural choice of end effector. So, hence we cannot do
velocity propagation. So, we do not know which one is the end effector and where to start
from and where to end ok. In a platform type parallel manipulator like the Stewart platform
or the 3-RPS manipulator the position of centroid and orientation of the platform is of

interest most of the time ok.

So, how do we find the linear and angular velocity of the centroid of the top platform and
the orientation of the top platform? Ok. So, given the orientation of the top platform and

if we choose that the centroid is the point of interest the angular velocity of the top platform

or the coordinate system can be obtained by 1, [R]oJ[R]”.

So, remember | had shown you that in general the space fixed angular velocity vector can
be obtained as 1, [R]ro[R]”. So, that is what is shown here. And we can rearrange this
expression once we have obtained the space fixed angular velocity vector into a matrix

times q.

So, now note that there will be both @ and ¢ because the position vector or the rotation
matrix of the top platform or the Tool coordinate system will contain both 6 and ¢.
Likewise, the linear velocity of the centroid of the top platform can be obtained as in this

case the sum of the linear velocity of the 3 connection points ok.

So, in the 3-RPS case we had 3 connection points, 3 spherical joints and we can obtain the
velocity of the centroid as a mean of all these 3 velocity vectors ok with respect to {0}
coordinate system. For Stewart platform with many other connection points again we can

obtain similar angular velocity and linear velocity vectors.

So, this matrix ,.9[J,, (q)] which is a function of q and +,2[/,(q)] are the angular and
linear velocity Jacobian matrices ok and q is the time derivative of the configuration

variable q.

(Refer Slide Time: 04:29)
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ELIMINATION OF PASSIVE JOINT
RATES

o Linear and angular velocity function of all q and q.

o Only the actuated joints 6;, i =1,2,....n are specified.

o The m passive ¢;'s can be obtained from direct kinematics

° Need expression for ¢; and obtain linear and angular velocities in terms of only
0;'s.

o Derived ffm the m loop-closure or constraint equations.
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So, the linear and angular velocity vectors are function of all g and ¢. However, in a
parallel manipulator only the actuated joints 6; are assume there are n of them. The m
passive joints can be obtained from direct kinematics ok. We also need expressions for the

¢’s, the rate of change of the passive joint variables ok.

And obtain linear and angular velocity in terms of only 8 because 6 are the ones where
there are motors we know what is the actuated joint rates. So, we should be able to find
the linear and angular velocity of the chosen output link in terms of the actuated joint
variables ok. So, basically we need to find ¢ in terms of #. How do we do that? We can

obtain this from the loop closure constraint equations ok.

(Refer Slide Time: 05:31)
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ELIMINATION OF PASSIVE JOINT ﬁ
RATES

o For m passive variables, m constraint equations 1;(q1,.... gp+m) = 0,i = 1,...,m
or in a vector form

n(a)=n(6,0)=0 (27)

o Differentiate equation (27) with respect to t, and rearrange

[K(a))o+ K "(@)o=0 (28)

o Columns of the m x n matrix [K(q)] are the partial derivatives of 1(q) with
respect to the actuated variables 6;, i =1....,n,
o Columns of mx m matrix [K*(q)] are the partial derivatives of n(q) with respect
to the passive variables ¢;, i=1,....m.
o [K*(q)] is always an m x m square matrix.

o [K(q)] and [K*(q)] are functions q = (6,9) € R"™.
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So, let us start. So, the m passive variables we have m constraint equations
1i(q1, - »qn+m) = 0. So, this is a general form, but basically there are m constraint
equations which is of the form n(q) = 0. So, it is a vector equation. So, we can

differentiate this equation with respect to time ok.

So, when we differentiate with respect to time we will have 8 and ¢. And then we can
reorganize all terms containing @ in a matrix which | am going to call [K(q)], ok. So,
[K(q)] is a function of all the configuration variables. Likewise, | reorganize the terms

containing ¢ into a matrix which is [K*(q)].

So, we can always do this. Why? Because when we take the derivative of this, constraint
equations, we can only get & and ¢. We will not get any other non-linear terms in 6 and
¢. So, the columns of this m x n matrix [K(q)] are basically nothing but the partial

derivatives of this n(q) with respect to the actuated joint variables, ok.

dn(q) A

So, just by chain rule; so, T 6 will be this term ok in a matrix form. Likewise, [K*(q)]

which is m x m matrix. Why? Because these are m constraint equations ok and we take
the partial derivatives of n(q) with respect to the passive variables ¢p which are m of them,

0 are n of them.

So, this [K(q)] is an m X n matrix whereas, [K*(q)] is always a m X m matrix, it is a
square matrix ok. So, that is what | am mentioning again. [K*(q)] is always a m X m

square matrix ok and [K(q)] and the [K*(q)] are functions of both 6 and ¢, ok.
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ELIMINATION OF PASSIVE JOINT &A_;,;i
RATES
o If det([K*]) #0,
b= -IKT K6 )
o The angular and linear velocity can partitioned as
owTool = [Jw]9+ [J&)]0 c.VToof = [JV]0+ [J\}]Q
o Substitute ¢ to get
Y0700 = ([l = Il K T [KDB, Voo = (W] - [IK] [KDB
o Define equivalent [Jg]eq and [Jy]eq
Buleg = I~ RIIKT K] (%)
ol = Lol - ollK'T 1K (31)
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Let us continue. So, if determinant of [K*] is not equal to 0, then | can solve for ¢» which
is —[K*]71[K]6. So, you can see that this is a linear equation. If determinant of [K*] is not
equal to 0, can we take the determinant of [K*]? Yes, it is a square matrix. So, ¢ =

—[K*17'[K]6, which is what is written here.

Now, we can go back to the angular velocity expression which is °wr,,; and partitioned
it into two parts. One is [J,,]6 and then [J;,]¢. We can always do this because the linear

and angular velocity vectors are always linearly related to 8 and ¢.

Similarly, the linear velocity of the Tool ok or chosen point on the platform ok or on the
chosen output link can be written in terms of [J,,]8 + [J;]¢. Once you have this we can
substitute ¢ in these two equations ok. So, if | substitute ¢ in the first equation we will get

the angular velocity of the Tool is ([J,,] — [J51[K*1~*[K])6).

So, you can see this ¢» will become —[K*]~1[K]6 and then we can take all of this together
then we will have [J,] minus this. Likewise, the linear velocity of the Tool will be ([J,] —
[J:1IK*17[K])6. So, we can now define an equivalent Jacobian matrix for the angular

velocity for the parallel robot.

So, []w]eq and likewise Uv]eq- So, Uv]eq =[] - U;][K*]_l[K]- Uw]eq = ol -

J1[K*171[K]. So, it is really straight forward. So, all I have done is if determinant of



[K*] is not equal to 0, | have solved for ¢ and substituted back into the expressions for the

linear and angular velocity vector and then reorganize them.

(Refer Slide Time: 10:18)

'O
EQUIVALENT JACOBIAN MATRIX IN e
PARALLEL MANIPULATORS
o Using [W]eq and [Jg]eq
OVTooI .
0'1/7'00/ é == = 0Too/ [Jé‘q]e (32)
0O)Tool ¥

o The 6 x n matrix, G, [Jeg], consists of 3x n rows from [4],,, and 3x n rows
from [Jol.,-
o The matrix OToo/[Jeq] is the Jacobian matrix® for parallel manipulators.

o At a known q, equation (32) relate actuated joint rates 8 to the linear and
angular velocity of chosen end-effector { Tool}.

5Not a “true Jacobian” as it is not obtained from the derivative of a vector valued function.
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Now, with [/,]¢q and [J,]eq We can write the equivalent Jacobian in this form. So, we
have on the left hand side the linear velocity of the Tool and the angular velocity of the
Tool they are separated by this dash. So, remember this as meters per second then this as

radians per second. These are different units and we can write together ,0)[/¢416-

So, what is 7,0)[/eq]? The 6 x n matrix here will contain the first 3 x n rows are from
[Jvleq and the next 3 X n rows are from [/, ]¢4- SO, this is the matrix which is the parallel
manipulator Jacobian matrix ok. So, like in serial manipulators it is not true Jacobian
matrix. In the sense that it is not derived from the derivative of a vector valued function

ok. It contains the top half contains units of meter, the bottom half contains unitless ok.

So, at a known g, we can solve or we can relate the §’s with the linear and angular velocity

of the Tool ok. So, if | know what is q, this TOO‘}[[eq] is a function of q of the configuration.
At every configuration this TOO‘}Ueq] should be different. If I give you @ you can multiply

this Too‘}[leq]é and obtain the linear and angular velocity of the Tool ok.



Very similar to the serial manipulator Jacobian matrix except now that we have taken some
effort to eliminate the passive joint rates and obtain an equivalent Jacobian in terms of only

the actuated joint rates ok.

(Refer Slide Time: 12:22)

EQUIVALENT JACOBIAN MATRIX IN 2L
PARALLEL MANIPULATORS

o The matrix %, [Av]eq can be used define a [ gy Jeq for parallel manipulators.
(v Jeg = (V1= [WIKTIKD T (0 - WIKTHRD (39)

0 [ gv ]eq is symmetric and positive definite.

o Similar to a serial manipulator, the tip of the linear velocity vector lies on an
ellipse or an ellipsoid.

o Much more complicated than in serial manipulators!

0 [ g0 Jeq defined using [Jp]eq — Angular velocity ellipse or ellipsoid.

o The above geometrical description is valid if det [K*] # 0.
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So, like serial robots ok or serial manipulators this [/, ]., can be also be used to define a
[gv]eq for parallel manipulators. So, remember we have in during the geometric
interpretation of the Jacobian matrix we have taken [J]7[J] and then we had found the

eigenvalues of the equivalent [J]7[/].

So, in this case we have to find the [g,]., which is ([J,] = [/51[K* T KD (U] —
Us1[K* T [KD). So, this [g,].q is symmetric and positive definite ok. It is symmetric
because it is like AT A. And similar to serial manipulator the tip of the linear velocity vector

lies on an ellipse or an ellipsoid. So, if it is moving in a plane, it lies on the ellipse. If

platform is moving in 3D space the linear velocity vector traces an ellipsoid.

However, as you can see this is so much more complicated. It is not simply [J,]7[J,]. We
have all these [/;], [K*]~1, [K]. So, it also contains the loop closure constraint equations
and the effect of the loop closure constraint equations because we have taken derivatives

of those and obtained [K] and [K*] matrices ok.

We can also find [g,, 1.4 again using [/, ., and again the angular velocity can be described

as an ellipse. The tip of the angular velocity method this is an ellipse or an ellipsoid. So,



all this is happening only if and only if determinant of [K*] not equal to 0. So, if [K*] were

equal to 0, then we could not solve ¢ because it has [K*] .

(Refer Slide Time: 14:23)

EXAMPLE - PLANAR  4-BAR ;ﬁ;
MECHANISM Q
Link 2
Oroat; On X
0y, 0
Xro
FIGURE: The four-bar mechanism
o "Break” at third joint - a planar 2R + a planar 1R manipulator
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So, let us take an example. So, again we will take the simplest possible example, which is
a planar 4-bar mechanism. So, we break this 4-bar mechanism at this 3" joint. So, we will
get one planar 2R and a single 1R manipulator. So, in the planar 2R, we have 6; and ¢,
these 2 angles and [; and [, whereas, the 1R we will have ¢, and [, these are the main

important things.

(Refer Slide Time: 14:57)

EXAMPLE - PLANAR  4-BAR
MECHANISM

L=

o Constraint equation of a four-bar

hcosBy + hcos(0y + ) — o — lscos gy =0
hsin 6y + hsin(8; + ¢2) — kgingy =0

m(q)
n2(q)

e e

o 0 is the actuated joint variable and (9, ¢,) are the passive joint variables.

o Derivative of constraint equations with respect to time t gives

—/1Sin 91 = Izsin(el +¢2) 0 i
lycos; + heos(By +d5) ) *

hsing;  —hsin(6; +¢,) 0 -5
~hcos@y  hcos(6; +s) 0 )
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So, the constraint equation of the 4-bar for breaking at the third joint we are seen this
earlier. Itis [, cos 6; + I, cos(6; + ¢,) — Ly — I3 cos ¢, = 0. So, this is the x component.

Similarly, the y component is [, sin 8; + [, sin(6; + ¢,) — l3sin¢; = 0.

So, in these two constraint equations 6, is the actuated joint variable and ¢, and ¢, are
the passive joint variables. So, we can take the derivative of these two equations with
respect to time and then take all terms containing 6, and all terms containing ¢, and ¢,

and write it in this form.

_ll Sin 91 - lz Sin(91 + ¢2)

l; cos 81 + 1, cos(0; + ¢,) ) When you

So, the first term is a column vector which is (

take the derivative you will get these terms times 6, ; and then the next term. So, this is the

[K] matrix. So, this is [K]6;.

Then we can also find the derivative its [K*] matrix and rearrange the derivatives and then

l3 Sin ¢1 _lz Sin(gl + ¢2)
—lycos ¢, 1, cos(8; + ¢y)

[K*] matrix. So, this is [K]0 + [K*]¢ = 0.

we can write ( ) and multiplying ¢, and ¢,. So, this is the

(Refer Slide Time: 16:49)
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EXAMPLE - PLANAR 4-BAR 3@;
MECHANISM

o [K] and [K*] matrices for the planar 4-bar are

IK] = —lysin 6 — hsin(61 + 0)
T\ lycosBy + hcos(6; + o)

. hsingy —/25iﬂ(91+(,')2)
[K ] = = b |
3cosy  hcos(6; + ¢a)
o The matrix [K*] is a square 2 x 2 matrix.
o [K] and [K*] matrices are functions of the actuated and passive variables.
o Fairly simple to calculate for planar 4-bar.

o Multi-degree-of-freedom spatial mechanisms — Use symbolic algebra software
such as MAPLE®.

o
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So, the [K] and [K™*] matrix for the planar 4-bar are. So, [K] is a column vector actually,
[K*]isa?2 x 2 matrix. So, that as expected the [K] and [K*] matrices are functions of both

the actuated joint variables which is 8; and the passive joint variables with this ¢, and ¢..



So, ¢, does not appear in [K], but it does appear in [K*]. So, as you can see it is very very
easy to calculate for a planar 4-bar. For multi degree of freedom spacial mechanisms this
is not so easy to do ok; because the loop closer equations will be much more complex and

then we have to take the derivatives, and then we have to organize each one of these into

something into  and something into ¢.

So, it requires a lot of effort, but we can use a symbolics algebra software such as MAPLE
to do this ok. And in fact, I will show you examples later where we have use this symbolic

software package called MAPLE ok and then derive the [K] and [K™] matrices ok.

(Refer Slide Time: 18:03)

EXAMPLE - 3-RPS MANIPULATOR

plz, 9, P Moving Platform
4

o 0, i=1,2,3 are passive variables,
o [;, i=1,2,3 are actuated variables.
o “Break” at the spherical joints

o Obtain position vector of spherical
joints S; with respect to O in { Base}

o Use S— 5 pair constraints

FIGURE: The 3-RPS parallel manipulator
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So, let us take another example which is a spatial 3 degree of freedom manipulator. So,
this is that well known 3-RPS manipulator which we have looked at earlier. So, there is a
fixed base. There is a moving platform. Then each point the top platform is connected to
the point in the fixed base by RPS ok.

So, R rotation is 6, actuated joint variable is [ and S is the spherical joint which since we
are going to break it. At the spherical joints the angles at the spherical joints do not appear.
So, there are 3 actuated joints I, l,, I3 and there are 3 passive joints 6,, 6,, 85. So, as |

said we break at the spherical joint.

Then we obtain the position vector of S; which is spherical joint one S, and S5 with respect

to the fixed coordinate system which is at the centroid of the bottom platform ok. And the



point which is of interest the output link is the moving platform and the point of interest
or the linear velocity which we will calculate is for the centroid of the top platform, which

isp(x,y,z). How do | finds a loop closer equations?

As | have shown you earlier we find these vectors with respect to {0} and then {0} to {S; },
{0} to {S,}, {0} to {S;} ok. And then we show that the distance between S; and S, is
constant, distance between S, and S5 is constant and between S, and S5 is constant. So, we

use the S-S pair constraint equations.
(Refer Slide Time: 19:52)
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EXAMPLE - 3-RPS PARALLEL 2l

MANIPULATOR

o For the 3-RPS manipulator, 3 constraint equations are

0
0
0

miq)=3- 322 + /12 + 122 +lheycy = 2lyhsysy - 3¢y - 3hey

1]2(q) =3- 332 + /22 + /32 + Iz/3L‘2C3 —2hhsys3 73/2C2 —3hes
n3(q) =3-3a%+ B+ 2+ bhcsc; - 2kl 535, - 3z —3hy

o Perform the derivative of 1;(q), i =1,2,3, with respect to time and rearrange
to obtain [K] and [K*]
o [K] involves derivative with respect to the actuated variables Iy, /, and /5

2h =3 t+hac-2ksis2 2b-3c+hac-2hss 0
2l -3¢+ heyc3-2ksys3  2l3-3c3+ heycs —2hs;s;
2h -3c1 +heicz—2hsis3 0 2 -3c3+hac-2hsis3
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So, for the 3-RPS manipulator the 3 constraint equations are first equation is 3 — 3a? +
12+ 12 + I;1,c,c, and so on ok. So, here [; and [, are the actuations at the 2 prismatic
joints, first and second prismatic joint; a is one of the sides of the top platform, b is taken

to be 1 very similar to what we have done earlier and c; means cos 8, ok, s; means, sin 6, .

The second equation is the distance between 2 and 3 ok. So, it contains 8, and 85 and [,
and [; point spherical joint S, and S5. The third equation is the distance between spherical

joint S5 and spherical joint S, is constant ok and hence we get another equation.

So, they all look similar except the angles are different slightly. So, we can again take the
derivatives of this 3 constraint equations with respect to time and rearrange to find [K] and
[K*] matrix ok. So, [K] will involve the derivatives with respect to the actuated joints

variables [, [,, I3 ok. So, you can see that if | take the derivative of the first equation with



[, 1 will get one term like this. So, it is 21;, —3c, from here and then [, c,c,, and —21,s; s,

from here.

Second term is derivative with respect to I,. So, we can again this term. There is no I
appearing in this first equation. So, that term will be 0 ok. Likewise, if the second row [;

does not appear.

So, when you take the derivative of the second equation with respect to [; partial
derivatives, it will be 0 something and something and the third row will be again there is
[, appearing. So, partial derivatives there will be a term and you can see there will be 21,

and then [5c3c;, and so on ok and you can just by inspection see that this is the [K] matrix.
(Refer Slide Time: 22:20)
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EXAMPLE - 3-RPS PARALLEL 2ls

MANIPULATOR

o [K*] involves derivative with respect to passive joint variables, 6

3hsp—hhscz—2hhcass 3hs3—hhcass —2hhsycs

3hsy—hhsica=2hhass 3hsy—hhas—2hhsic 0
3hsy —hlsyc3 =2k ey sy 0 3ls3—hlcys3-2hhsics

o For the centroid, [y] and [A/°], are
-a (/2o (1) ]

[JV] = (1’3) |: 0 (_\/3,"‘/2)(72 (\/3/"2)C3

S1 2 53

/151 —(1/’2)/252 (-l/?)/ngg
[JV*]:(L’G){ 0 ?(v3/2)hs, (—\/3/2)/353]

ha  ha lic3
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The [K*] matrix involves partial derivatives with respect to the joint variables. In this case
the passive joint variables are 6 ok. So, we have to take derivatives of this with respect to

6. So, derivative of c; will become — sin 8; and so on. So, this will not be there ok.

So, you can see that the partial derivative with the first equation with respect to 4,, in the
second term is with respect to 8, ok, 6, is also here. There is no 85 occurring in this

equation ok. So, the term will be 0.

Likewise, there is no 8; occurring in the second equation because it is the distance between

the second and the third spherical joint. And in the third equation one more term will be 0



ok. So, for the centroid [/,] and [J;,] are given by this. [J,]is this and [];] can also be
computed; so, [J;;] corresponding to the [J] corresponding to the passive joint variables,
ok.

(Refer Slide Time: 23:51)

1%
EXAMPLE - 3-RPS PARALLEL s
MANIPULATOR

o To obtain [Jp] and [Jg'], compute (%(%:;e[f\’]) %‘:ff[R]T and then rearrange.

o Expressions are too large — For [y =2/3, L =3/5, =3/4 and corresponding
6, =0.7593, 6, = 0.2851, 63 = 0.8028 radians,

00644 02801 —0.0548 -0.0307 06686 03398
[ol=| -11510 01361 04815 |, [Jp']=| -03961 04256 01713
~01953 05339 -03803 03060 00308 -01353

o Expressions for [4y],, and [Jp],, are more harder to obtain as K is
needed. For above numerical values

11765  -1.6830 0.9223

0.1565 04570 -0.3285

-02313 05372 00114 21409 -6.4331  0.4665
[JV]W: 00722 -06758 0.1951 |, [J(,;]eq: 0.0072 -4.1216 16048
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So, we have [K], we have [K*], we have [],] and we have [J;] ok. To obtain [J,,] and [J;]
we have to take the [R][R]” first ok and then rearrange. So, we have to find the angular
velocity vector using [R][R]”. Then rearrange it into something into { and something into

6, [ is the actuated joint variable. So, it will be [J,,]i and [J},]6.

So, these expressions are very large. As you can see the rotation matrix derivatives, then,
post multiplying where the transpose it will become too much ok. So, we have done this
using MAPLE, but for simplifying the task of MAPLE we have taken [, = 2/3,1, = 3/5,
and [; = 3/4.

And the corresponding to this [4,,, [; we can find 6,, 6,, 85 using the direct kinematics
of this 3-RPS manipulator ok which we have done earlier ok. Remember we get an 8"
degree polynomial and so on. And substituting this 15, 1,, I3 and 65, 8,, 85 in this [R][R]”

and simplifying we will get [/, ] as a 3 x 3 matrix ok.

So, these are terms and [J;,] is another 3 x 3 matrix. Likewise, for this set of [, [, 5 and

61,6, 65 we can also find [/, ], and [/, ]eq-



(Refer Slide Time: 25:53)
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EXAMPLE - 3-RPS PARALLEL
MANIPULATOR

o Fora=1/2, and (h,h,k)=(0.5,1.0,2.0) meters —
(61, 6,,63) = (0.4,0.7535,0.2402) radians by direct kinematics.

o Tip of linear velocity vector of centroid lies on an ellipsoid — Shown in Figure as
three sectional views and a 3D plot.

o Maximum, intermediate, and minimum velocities along the principal axes of the
ellipsoid are 0.3724,0.3162,0.2031 m/sec, respectively.

o The directions of principal axes are (0.9921, —0.0394‘0.1187)T,
(0.1166,0.6338,-0.7646) " and (—0.0452,0.7724,0.6335)7, respectively.
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And for a equals half, [;,1,,15 is equal to 0.5, 1.0, and 2.0 meters. We can solve for
0., 65, 65, we will get this by direct kinematics ok. So, | am picking a point and then at that
point, | have going to draw the tip of the linear velocity vector ok. So, this is a motion in

3D. So, we expect that the tip of the linear velocity vector traces an ellipsoid ok.

So, I am going to show you the picture of this ellipsoid obtained numerically. And the
maximum intermediate and minimum velocities along the principal axes of the ellipsoid
are again we can compute because they are the square root of the eigenvalues of the
equivalent Jacobian matrix ok. So, 0.3724, 0.3162, 0.2031 meters per second and the
direction of the principal axes also we can find out, how is the ellipsoid located in 3D space
with respect to the {0} coordinate we will get these vectors ok.

(Refer Slide Time: 27:03)
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FIGURE: Velocity ellipsoid at a non-singular point
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So, this is what is shown in this picture. So, this view is a 3D view 3D plot in MATLAB.

So, it shows you that this is V,, V,, V,. So, from (0, 0, 0) which is the center here the tip

yl
traces this ellipsoid. We can also look at the sectional views. We can see what is happening
in the Z-Y plane or the Z-X plane or the X-Y plane and you can see all of them are ellipses

which is what is expected.

(Refer Slide Time: 27:39)

SUMMARY fﬂg

o Parallel manipulator Jacobian in terms of active and passive joint variables.
o Two more matrices, [K] and [K*], arise from derivative of constraint equations.

o Can solve for passive joint rates ¢; and obtain equivalent Jacobian matrix.

o Can obtain equivalent Jacobian only if det[K*] # 0. * not equal
s to zero
NPTEL 2020 581103

So, if you look at an ellipsoid in these sections we will get ellipses. So, in summary the
parallel manipulator Jacobian in terms of active and passive joint variables we can derive.
Two more matrices [K] and [K*] occur ok. So, these come from the derivative of the

constraint equations.



We can solve for the passive joints rates ¢; in terms of the actuated joint rates and then
obtain an equivalent Jacobian. So, we can substitute ¢ into the Jacobian matrix ok. It will
be some [J,,]10 + [J;,] ¢, we substitute ¢ and get a [J,,].,. We can obtain this equivalent

Jacobian only if determinant of [K*] is equal to 0. Why? Because otherwise we cannot

solve for ¢.

(Refer Slide Time: 28:34)
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SUMMARY ole

o Parallel manipulator Jacobian in terms of active and passive joint variables.

o Two more matrices, [K] and [K*], arise from derivative of constraint equations.
o Can solve for passive joint rates ¢; and obtain equivalent Jacobian matrix.

o Can obtain equivalent Jacobian only if det[K*] # 0.

o Can obtain geometric interpretation as in serial manipulators - Ellipse and
ellipsoids.

o More difficult to obtain numerical results — Elimination of passive variables!
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And we can obtain a geometric interpretation as in the case of the serial manipulator. So,
we can show that the tip of the centroid or tip of the point chosen on the output link traces
an ellipse if it is in moving in a plane and or if it is an ellipsoid. So, the 3-RPS it traced an
ellipsoid ok.

So, itis clearly much more difficult than serial manipulators right because there are several
problems. We had to eliminate the passive variables; we had to find the point where you
know for actuated joint variables what were the passive joint variables. We also have to
compute this [K*]™1, [K] and [J;] and [J;,] it is a many many terms are there ok, but it

can be done numerically as | have shown you in these two examples.

(Refer Slide Time: 29:33)
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© LECTURE 4

o Singularities in Serial and Parallel Manipulators
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So, with this we will stop this lecture. In the next lecture we will look at the Singularities

in Serial and Parallel Manipulators.



