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Hello friends. So, in the previous lecture, we have discussed regarding the full cycle DFT and we 

have seen that the equation of DFT to calculate either dc value, or any other harmonics phasor 

value that is given by X( 𝑘) = 𝐶 ∑ 𝑥(𝑛)𝑒(−𝑗
2𝜋

𝑁
𝑘𝑛)𝑁−1

𝑛=0 . We have also considered one example of 

full cycle DFT and we have seen that how we are able to calculate the phasor value of either 

fundamental component, or dc value, or any other harmonic term.  

Then we have discussed regarding the if we wish to implement the full cycle DFT algorithm in 

code, then how we are going to utilize the different matrices and how we have to use the either for 

loop or any other loop in the code. Then at last we have discussed the important aspect of aliasing 

error, which is going to occur in phasor estimation and this is specially occurs when the Nyquist 

criteria is not followed.  

And we have discussed that the frequency components especially if it is greater than the Nyquist 

frequency, then the any higher order harmonics are present, then its impact that will be observed 



on the phasor estimation of several other components. So, this we have discussed in the previous 

lecture.  
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Now, in this lecture, let us discuss the half cycle discrete Fourier transform algorithm. So, as the 

name suggests half cycle DFT algorithm utilizes only half cycle samples of the given signal. So, 

unlike full cycle DFT which utilizes one cycle duration, so whatever samples are available in one 

full cycle, let us say this is the window of full cycle.  

So, all these samples available in this full cycle those are utilized by the full cycle DFT to estimate 

the phasor value. On the other hand, in case of half cycle DFT it utilizes this window. So, whatever 

number of samples are available in this window, that is utilized by half cycle DFT to estimate the 

phasor value. 
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Mathematically, the equation of half cycle DFT, that is almost similar to the full cycle DFT with 

a minor difference. So, if I just write down the equation of half cycle DFT in exponential form, 

then X( 𝑘) = 𝐶 ∑ 𝑥(𝑛)𝑒(−𝑗
2𝜋

𝑁
𝑘𝑛)

𝑁

2
−1

𝑛=0 . Here, the sigma limit is from n = 0, to (𝑁/2)  − 1. So, in case 

of full cycle DFT this limit varies from (0 𝑡𝑜 𝑁 –  1), whereas in this case half cycle DFT it varies 

from 0 to (𝑁/2)  − 1. Similarly, the value of C which is 1/N for dc and 2/N for sinusoidal in case 

of full cycle DFT. So, in case of half cycle DFT, the value of C, 𝑤ℎ𝑒𝑟𝑒, 𝐶 = {

1
𝑁

2

;  for dc 

2
𝑁

2

;  for sinusoidal 
 

 



(Refer Slide Time: 4:19)  

 

 

Now, if we apply Euler’s formula on these equations, let us say this is equation number A. Then 

in trigonometric complex form the same equation can be written as X( 𝑘) =

𝐶 ∑ 𝑥(𝑛) [cos (
2𝜋

𝑁
𝑘𝑛) − 𝑗 sin (

2𝜋

𝑁
𝑘𝑛)]

𝑁

2
−1

𝑛=0 . And if we write this equation in matrix form. Then on 

left hand side, this X(k) that is written as X (0), to X (k), where k is the harmonic number that is 

equal to C constant and the weight matrix this is our weight matrix.  

[
X(0)

⋮
X(𝑘)

] = 𝐶 ×      [

(𝐶𝑤 − 𝑗𝑆𝑤)0,0 ⋯ (𝐶𝑤 − 𝑗𝑆𝑤)
0,

𝑁
2

−1

⋮ ⋱ ⋮
(𝐶𝑤 − 𝑗𝑆𝑤)𝑘,0 ⋯ (𝐶𝑤 − 𝑗𝑆𝑤)

𝑘,
𝑁
2

−1

] × [

𝑥(1)
⋮

𝑥(
𝑁

2
)

] 

So, weight matrix is given by 2 components that is 𝐶𝑤 and 𝑆𝑤, where 𝐶𝑤 is calculated based on 

cos (
2𝜋

𝑁
𝑘𝑛)and 𝑆𝑤 is calculated using 𝑠𝑖𝑛 (

2𝜋

𝑁
𝑘𝑛). However, the only difference is you can see 

observe this first element of weight matrix. So, the first number varies from 0 to k, whereas the 

second number varies from 0 to (𝑁/2)  − 1.  

So, in case of full cycle DFT this number in weight matrix varies from 0 to N-1, whereas in half 

cycle DFT this number varies from 0 to (𝑁/2)  − 1. And again, the X(N) value that also varies 



from X(1) to X (𝑁/2), because we are taking only half of the samples compared to the full cycle 

DFT, in half cycle DFT algorithm.  
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So, let us consider one current signal, which has 50 Hz fundamental frequency and let us assume 

that this signal is sampled with a sampling frequency of 800 Hz. And in this case, we want to 

calculate the fundamental component using full cycle DFT algorithm and also using half cycle 

DFT algorithm.  

And after that we need to compare whatever phasor value we have obtained for a particular 

component, we want to see that what value we are getting, if we use full cycle DFT and what value 

we are getting if we use half cycle DFT algorithm. So, let us consider as we have considered 800 

Hz sampling frequency. So, there are 16 samples available and with reference to each sample, we 

have considered, or we have acquired the values which are mentioned in this table.  
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Now, with this table if I calculate first 𝐶𝑤 component by putting k is equal to 1, which indicates 

that we are interested to calculate the phasor value of fundamental term. So, if we calculate the 

value of 𝐶𝑤, then we have to put in the equation of 𝐶𝑤 = cos (
2𝜋

𝑁
𝑘𝑛), N is 16 into k is 1. So, this 

is fixed into sample number N. So, we start from 0, so it is 0, so we will get the value that is 1. 

Similarly, you can also use the term 𝑆𝑤 and you can calculate the value. So, 2 pi by 16 into 1 into 

N. So, only this parameter changes and accordingly you can calculate for each sample number, 

you can calculate the value of this 𝐶𝑤 and Sw. So, once you have the values of both 𝐶𝑤 and 𝑆𝑤 

for k equal to 1, that is fundamental component, then you can see if I use the entire 16 samples in 

one particular cycle, then that is nothing but the calculation of phasor value, in this case 

fundamental of phasor using full cycle DFT.  

However, as we have discussed that in half cycle DFT algorithm, we are utilizing only half of the 

samples compared to the full cycle DFT algorithm. So, in half cycle DFT, we are going to use only 

half of the samples that are 0 to 7. And then, we are going to calculate the phasor of the fundamental 

term. So, here calculation of this term that is from 8 to 15, if I use half cycle DFT algorithm, then 

calculation of 𝐶𝑤 and 𝑆𝑤 and 𝑆𝑤 for 8 to 15 are not required.  
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Now, let us see how we are able to calculate the other terms. So, once we have calculated this 𝐶𝑤 

and 𝑆𝑤, then simply we have to multiply this 𝐶𝑤 with i n. And then, we have to multiply this 𝑆𝑤 

with i n. So, that we can calculate i n into 𝐶𝑤, that is given here. And we can also calculate the i n 

into 𝑆𝑤, that is also given here. And then, after adding all this term i n into 𝐶𝑤, we will have the 

value of ICw that is 0. And for adding i n into 𝑆𝑤 all the terms we will have the value I𝑆𝑤, that is 

80. 𝐶𝑤 and 𝑆𝑤 

And if I use this I𝐶𝑤 and I𝑆𝑤 that is 0 and 80 value here, then we will have X (1) that is a phasor 

of fundamental term, where C is given by 2/N, this is for full cycle 0 - j80. So, we will have the 

value 10 ∠ -90 °. If we use all the samples, that is full cycle DFT. 
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Now, compared to the full cycle DFT, if I use let us say half cycle DFT, then I told you that this 

samples, I need not required for calculation of phasor value using half cycle DFT. So, if I remove 

these samples, then we can say that we have to use only this samples, we have to calculate 𝐶𝑤, 𝑆𝑤 

and then i n into C𝑤, i(n) into 𝑆𝑤. And then finally, you can have the value of 𝐼𝐶𝑤 and you can 

have the value of 𝐼𝑆𝑤.  

So, if you put this in the equation that is X (1) that is C, where C is nothing but 
2

𝑁/2
 and 𝐼𝐶𝑤 that 

is 0 and 𝐼𝑆𝑤 that is 40. So, if you solve this, you will again get the value that is 10 ∠ -90 °. And 

using full cycle DFT also we obtain the same value that is 10 ∠ -90 °. 
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So, that means if I use the half cycle DFT compared to the full cycle DFT, then there is a significant 

difference between the half cycle DFT and the full cycle DFT as far as the performance is 

concerned.  

So, if I consider the first parameter of the performance that is accuracy, then accuracy is better in 

case of half cycle DFT. Whereas, in case of full cycle DFT accuracy is best, obviously because 

full cycle DFT use more number of samples. So, it is able to estimate the phasor value more 

accurately compared to half cycle DFT. 

If I use the response time, that is the second parameter for performance parameter, then the 

response of half cycle DFT is faster, whereas the response of full cycle DFT is comparatively 

lower, because half cycle DFT use less number of samples. So, lower calculations are required, 

whereas full cycle DFT utilizes more number of samples than double the half cycle DFT. So, 

response time is a little bit lower than the half cycle DFT. 

And the third important point is if I use half cycle DFT, then it is not able to reject even harmonics, 

whereas full cycle DFT is capable to reject both odd as well as even harmonics. So, this is the 

important difference between the full cycle DFT and half cycle DFT.  
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Now, we have considered two important phasor estimation algorithms, one is half cycle DFT and 

the other one is the full cycle DFT. If I use either full cycle DFT algorithm, or half cycle DFT 

algorithm for phasor estimation, then the fundamental limitation of both this algorithm is whenever 

the decaying dc component is present in the acquire signal. Let us say this is possibly present when 

we acquire the signal during fault condition.  

So, whenever we acquire the voltage signal, let us say current signal then that signal contains 

decaying dc component, and which is nothing but given by e raise to minus Rt by L this term. So, 

in this case, if phasor value is estimated of the fundamental component using either full cycle DFT, 

or half cycle DFT, then you may not get accurate result. So, we can say that either full cycle DFT, 

or half cycle DFT algorithm is not capable of eliminating the effect of decaying dc component, if 

it is present in the acquired signal.  
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Now, let us see the third type of algorithm phasor estimation algorithm, that is known as the cosine 

transform. So, cosine filter it is basically an extension of the one cycle discrete Fourier transform 

algorithm. And if we absorbed in filter aspects, then one cycle DFT is basically constituted with 

cosine and sine filter.  

X( 𝑘) = 𝐶 ∑ 𝑥(𝑛)𝑒(−𝑗
2𝜋
𝑁

𝑘𝑛)

𝑁−1

𝑛=0

 

X( 𝑘) = 𝐶 ∑ 𝑥(𝑛) [cos (
2𝜋

𝑁
𝑘𝑛) − 𝑗 sin (

2𝜋

𝑁
𝑘𝑛)]

𝑁−1

𝑛=0

 

Cosine = 𝐶 ∑ 𝑥(𝑛) [cos (
2𝜋

𝑁
𝑘𝑛)] ,

𝑁−1

𝑛=0

Sine = 𝐶 ∑ 𝑥(𝑛) [sin (
2𝜋

𝑁
𝑘𝑛)]

𝑁−1

𝑛=0

 

So, output of cosine filter and sine filter, if we consider in real part and imaginary part of one cycle 

DFT, then it is given by this is the equation of full cycle DFT and if we write this term in cosine 

and sine term, then it is given by this equation, where we have replaced −𝑗
2𝜋

𝑁
𝑘𝑛 term with 

cos (
2𝜋

𝑁
𝑘𝑛) and sin (

2𝜋

𝑁
𝑘𝑛). So, if I write down the equation of cosine filters you can write down 

𝐶 ∑ 𝑥(𝑛) [cos (
2𝜋

𝑁
𝑘𝑛)]  𝑁−1

𝑛=0 and sine filter that is given by 𝐶 ∑ 𝑥(𝑛) [sin (
2𝜋

𝑁
𝑘𝑛)]𝑁−1

𝑛=0 .  
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Now, if I consider the wave shape of either cosine wave, or sine wave, then the relationship 

between cosine and sine component exist in terms of angle and this angle is either 
𝜋

2
 in radian or 

90 °. So, this you can visualize from these two windows of different color, you can see here that 

for example, if I have the signal available that is this signal is available and if I just delay the signal 

𝜋

2
, then the other signal available is like this. And the same is also applicable in other cases. 
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So, we can say that, if I use the equation of one cycle DFT for the computation of real and 

imaginary component. Then it can be represented by this equation, which we have discussed 

earlier. Now, in this equation, if we define the cosine filter as 𝑋𝑐 and sine filter as 𝑋𝑠, then cosine 

filter 𝑋𝑐 is given by this equation that is 𝑋𝑐 of k that is Xc(𝑘) = 𝐶 ∑ 𝑥(𝑛)𝑁−1
𝑛=0 cos (

2𝜋

𝑁
𝑘𝑛) and 𝑋𝑠  

that is sine filter is given by 𝑋𝑠 of  Xs(𝑘) = 𝐶 ∑ 𝑥(𝑛)𝑁−1
𝑛=0 sin (

2𝜋

𝑁
𝑘𝑛).  

And this overall term, if I subtract this 𝑋𝑐 with 𝑋𝑠, then we will have the value of X(k), where k 

indicates the harmonic number. So, this equation is important as far as cosine transform is 

concerned, that is X( 𝑘) = Xc − 𝑗Xs, where Xcis the cosine filter and Xs is the sine filter given by 

these two equations.  
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Now, to understand this cosine transform in a better way, let us consider a current signal i t, which 

is given by some dc value, some fundamental component, some harmonic components are also 

there. And let us say this signal is sampled at 800 Hz sampling frequency with a fundamental 

frequency of 50 Hz.  

So, here I have shown you the number of samples, so as 800 Hz is the sampling frequency, so the 

number of samples in a cycle that is 16. So, here if I consider this window that is up to this 16, and 

along with that, I have also given, or represented few additional 8 samples also in this sample 



number. And accordingly, I have also represented the values corresponding to each sample 

number. Now, the same signal i(t), it looks like this.  
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And now if I consider the first window, which contains the sample number from 1 to 16 as shown 

here, you can see, there are 16 samples in this window, let us call it this as window 1. So, when I 

consider this window 1 containing 16 samples, and if you calculate using this the value of the 

phasor, that is of fundamental term. So, by putting k =1, if you calculate the value of X, that is the 

phasor value of fundamental, then you obtain the value that is 10 ∠ 0°.  



Now, here if I use this equation, and if I find out the cosine filter and sine filter using this X( 1), 

that is 10 ∠ 0°. Then cosine filter X1C of fundamental term that is given by 10 cos 0, that is 10. 

And the sine filter term and X1X of fundamental that is given by 10 sine 0. Now, here you see I 

have used the negative sign here and the reason for this negative sign is whenever we have the 

value 2√2  ∠ 45, some value in polar form. 

Now, if you take the 2√2 cos 45, then you will get the value 2. And if you take 2√2 sin 45, then 

you will have the value again 2. And this is represented by 2 + j 2 in this form. However, you see 

the earlier case in our case, when we use this equation, equation B, we have the term that is cosine 

filter is Xc, whereas sine filter we have the negative sign. So, when we have the negative sign here, 

we have to put the negative sign in case of sine filter term.  
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Now, with this background, you can also take the other windows, let us say the other windows I 

am considering is let us say 2 to 17. So, first window we have considered that is 1 to 16. Now, I 

am considering second window, let us say window 2, that varies from sample number 2 to sample 

number 17. So, number of samples again remain constant that is 16.  

And if you calculate the value of again the fundamental term phasor of fundamental that is X2(1), 

then you will have the value that is 10∠22.5°. If you take third window, let us say from 3 to 18, 



this is your window 3. And if you calculate the fundamental phasor, then you will have the value 

X3(1) that is given by 10∠45.  

So, your X1(1) value will be 10∠0, your X2(1) will be 10∠22.5, X3(1) will be 10∠45°. And if you 

further move if you take fourth window for let us say from 3, 4, to 19, then you will have the value 

X4(1), that is 10∠67.5° and so on. If you further calculate X5(1), then you will have the value 10 

angle if you have to add again 67.5 into again 22.5. So, you will have again  90°. So, as you move 

further, you can see that the magnitude remains constant, but there is the only change that is going 

to occur in the angle part.  

So, the phasor difference between two consecutive samples, or between two consecutive windows. 

So, see I have shown here four different windows and you can see the difference is 22.5°. So, this 

difference 22.5°, if I wish to calculate, or put in equation term, then it is 2𝜋 ×
1

𝑁
=

𝜋

8
= 22.5°. So, 

this difference that is going to obtain as you move from one window to another window.  
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So, with this background, the phasor output of the fundamental component of the window 

occurring at every N by 4 quarter cycle that is given by this. So, here you can see N=16. So, when 

I say N/ 4, so that is nothing but 4. So, when I say X𝑁

4
+1

, I am talking about basically this is nothing 



but your X(5) value. So, that is nothing but 10∠0. So, this is your X1(1) value plus I have added 

this term that is 
2𝜋

𝑁
×

𝑁

4
 .  

So, at every quarter cycle, the difference will be in N/4. So, you will have the final value of X5(1), 

that is 10∠90°. So, here you can see that imaginary part of this this said phasor, if you say this 

phasor then that is given by X𝑁

4
+1

imaginary part that is 10∠90°, that is 10. But as I told you earlier 

that our original equation, equation B, that is 𝑋𝑐 minus 𝑋𝑠. So, cosine filter is. But sine filter you 

have the negative sign, that is why this value, we have to consider as minus 10.  
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So, we have the X𝑁

4
+1s

(1) = −10 and we have X1c(1) = 10 cos 0 ° = 10. So, here we can say that if 

the sine filter part that is of  
𝑁

4
+1 window and that is equal to a negative of the cosine filter part.  

So, if I have let us say this window and if I wish to calculate the sine part of this window according 

to our equation, then I have to calculate here just the N/4 just quarter cycle ago, I can calculate the 

cosine term and I have to take negative of that, that is same as the sine term of this window.  

Also we have to understand this that this N/4 quarter cycle, which is going to add π/2 angle in the 

phasor, this is valid only for fundamental component, if you consider harmonics or any other third 

harmonics, fifth harmonic, then this is not valid.  
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So, in general form if I consider rth window, then the same can be returned in terms of cosine and 

sine filter as Xrs = −X
(r-

N

4
)c

 .  So, r is nothing but the window number and c and s both represents 

the cosine and sine filter respectively.  

So, here if I replace the sine filter by cosine filter in DFT, then the cosine transforming rth window 

that can be represented by the equation Xr = Xrc − 𝑗(−X
(r-

N

4
)c

) = Xrc + 𝑗X
(r-

N

4
)c

 

.  



So, we are replacing this term Xrs with this term. So, finally you will have the equation of Xr =

Xrc + 𝑗X
(r-

N

4
)c

 . So, both this term you can obtain from the cosine filter only and there is no need of 

sine filter. So, finally our phasor estimation of cosine transform is given by Xr = Xrc + 𝑗X
(r-

N

4
)c

. So, 

as I told you both this terms are obtained by cosine filters only and there is no need of sine filters.  
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So, what we have discussed? We can also consider, or we can also understood by considering this 

table. So, in this table what I have done? We have considered a signal i(t), and that signal we have 

considered with several windows. So, here I have considered the 7 windows total and each window 

contains 16 samples, but it is a sliding window. So, one value of the sample is discarded and new 

value of sample is available in the next window.  

So, here in this window number you can see the rth window, that is this window fifth, and you can 

see that the value of sine filter Xrs, that is coming 10, which is same as the this value except the 

sine difference. Here you have to take this value and negative of that, that is the value of sine filter.  

And this difference between these two that is N/4. So, if you take let us say we are considering 

fifth window, then 5-4, you have to consider the first window and whatever value is available of 

cosine filter, you take the same value with negative sign. Similarly, you can see that if you consider 

the sixth window, then 6-4 that comes out to be 2. So, whatever value is available of cosine filter, 

you can have the sine filter value only with negative sign.  



And same way when you consider the seventh window 7-4, that comes out to be 3. So, same value 

of cosine filter you have to consider with sine filter with only negative difference, or negative 

value. Hence, we can say that the output of the sine filter for any rth window that is same as the 

negative value of the cosine filter for (r-N/4)window.  

With this background, let us see how we can apply the cosine transform and when we apply what 

are the important things which we need to consider. 
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The first important point is the computational complexity of the phasor estimation, that is carried 

out by cosine transform. So, as there is no requirement of sine filter, though computational 

requirement reduces, if I use the cosine transform for phasor estimation. The second thing is the 

delay, as we need the samples of the cosine filter that is actual sample, prior than the N/4 samples, 

or the rth window.  

So, this is going to cause a delay of one quarter cycle in phasor estimation compared to the DFT 

algorithm. So, if DFT algorithm, let us say needs N samples, in one cycle, this much time is 

required, then this cosine transform, it needs this N+N/4 samples for estimation of phasor value. 

So, this is nothing but 5N/4.  

And the third important point is that whatever phasor that is calculated by this cosine filter, this is 

capable to remove, or reject dc component, if it is present in the acquired signal compared to our 



conventional DFT algorithm. So, these are the three important points which we need to consider 

regarding the cosine transform when we apply in the actual field.  

So, in this lecture, we have considered the half cycle discrete Fourier transform algorithm. We 

have also considered the example related to the half cycle discrete Fourier transform algorithm. 

And after that we discussed the cosine transform, how we can use the cosine transform for phasor 

estimation of any acquired signal. And we have seen that this can be applied only for fundamental 

components, and we have discussed with one example also. Thank you.  

 


