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Ore Reserve Estimation

* An accurate appraisal of the reserve is an essential element of

any mine investment analysis.

* The methods of reserve estimations can be roughly separated into:
(1) traditional methods and

(2) the more recently developed geostatistical methods.

And to do this reserve estimation, it can broadly be divided into two methods: one is the traditional method, and the second one is the more recently developed geostatistical method.

Hello everyone, and welcome again to this course on Mineral Economics and Business.
So, this is our lecture number 9, and this is the second part of ore reserve estimation. So,
in our previous lecture, we saw that an accurate appraisal of the reserve is an essential
element of any mine investment analysis. And to do this reserve estimation, it can broadly
be divided into two methods: one is the traditional method, and the second one is the more
recently developed geostatistical method. So, in our last class, we discussed the various
traditional methods, and in today's lecture, we are going to see the geostatistical method.
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» Geostatistics is a branch of statistics focusing on fspatiai/’datasets.

* Developed originally to predict probability distributions of ore grades for mining
operations, 1970s

* There are two steps:
» Variogram development
* Kriging

And it was originally developed to predict the probability distribution of ore grades for mining operations in the 1970s.

So, geostatistics is a branch of statistics focusing on spatial data sets. What does this spatial
data set relate to? Space. It was originally developed to predict the probability distribution
of ore grades for mining operations in the 1970s. Here, there are two steps: one is called
variogram development, and the second one is called So, a variogram is a graphical
representation of the directional interdependency of sample grades, and Kriging, named
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after D. G. Krige, is a mathematical procedure for assigning linear weights to samples to
estimate grades at unknown locations.

So, we will look at these two terms and understand them in the next slide. But before that,
let us take an example, like the one we were discussing in our previous lecture. Let us say
this is an area where we are doing our borehole investigation, and let us say these dots are
our boreholes that we have drilled to explore the ore body. So, all around this area. So, as
we discussed in our last class, the exploration part, where we are looking at the grids at
different locations, is a very tiny fraction compared to the size of the ore body.

And what we need to know from this exploration is that the dots here represent the points
where we know the grade of the ore body. But from here, what we need to know is, for any
unknown location within this area, what is the grade of this point in this location. So, in
this case, let us take an example. Take one area here and put it in this figure on the right
side. So here, what I have considered is this: the x-axis and the y-axis represent the location
of different points. P1, P2, P3, P4, Ps, and Pe.

So, P1 to Pe are the locations where we drill the boreholes and where we know the grade of
this ore body as G1, G2, and all the way up to Ge. S0 now, here the question is: we have a
point P. With coordinates (X, y), the grade at this point is unknown, and that grade at the
new point we have to calculate using this geostatistical method. So, for this grade at this
new point P, it can be represented using Equation 1 here, which says the grade at the new
point is a function of Gy, G, all the way up to Gs. Or we can write it like this: the grade at
the new location is  Gpe = Wy Gy + Wy G, + W3 G + Wy Gy + Wy Gs + W Gg

What are these W's? They are called weights, and G's are the known grades. So, you
multiply all those grades with their respective weights for that location and sum them up
to get the new grade at the unknown location.
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So, the previous equation can also be represented in matrix form as Equation 2 here, which is A matrix multiplied by W matrix equals B matrix, where A matrix is called a variance matrix of the known points.

So, the previous equation can also be represented in matrix form as Equation 2 here, which
is A matrix multiplied by W matrix equals B matrix, where A matrix is called a variance
matrix of the known points. Between point 01 all the way to point 06. So, here, for example,
this gamma 2-4 is the variance between the second point, let us say this is P2, and we have
point P4. So, what is the variance between these two points? We will see how to calculate
the variance between two points in the next slide.
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W is the weight matrix that we have to find out, like we need to know how to multiply it
with the corresponding known grades to find the new grade. And B is another variance
matrix or a column matrix for the new point and the unknown point. So, we will see how
we calculate these matrices in the next slide. Before that, the first thing is to calculate the
variance. So, to know about the variance, we have this plot here on the left side where we
are plotting x and y, and we have point Pjand point Pj.

With grades gi and g;, the coordinates of point P; are (Xi, i), and those of point P;are (x;,
Yi)- So, the variance between point 1 or Pi and P; is represented using the equation here,
which says

_ (G- Gj)z
Vi = 7/

And the distance between two points, as we know, is
2 2
hi= (= %) +@i— ¥ )

For example, let us say we talk about P> and P4, and let us say the grade here is 1.2 and the
grade here is 0.8. This coordinate is, let us say, (10, 20), and Pj's coordinate (or Pa4's
coordinate) is, let us say, (50, 40).

S0, the variance y24 becomes (1.2 - 0.8)? / 2. Here, 1.2 is the grade at point number 2, and
0.8 is the grade at point number 4. So, the whole square is divided by 2. grade at point
number 4. So, whole square divided by 2.



Lecture 09 : Ore Reserve Estimation - 2

Geostatistical Method

(e \.
yu ylz yna ym yxs yu,
yz 1 yz 2 yz 3 @ yz 5 yza
Where A = y31 y’;z ym 34 yns yws ™
ym yaz O{n yu y4s y46 '
ysx ysz ys:; yrm yss yss
YVa Yo Yo Y Ys Y

8

So, ah you you calculate what is the variance matrix ah A_ So, this is the first step ah of this ah ah the the the geostatistical method here.

Similarly, we can calculate what is the distance between or h between 2 4 as you know 50
minus 10 square plus 40 minus 20 square whole square root. Now, ah once we know how
to calculate the variance, we can calculate different variance ah ah between these 2 points
ah you know or or maybe ah all these 6 points ah. So, ah for example, as we saw like you
know the the variance of 2 4. Similarly, you can calculate all these variances between ah
the different ah the 6 point that we ah consider in the example here like let us say you know
p1 ah all the way up to pe.
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So, once we know our B matrix ah we can calculate what is our W matrix.




So, you calculate what is the variance matrix A. So, this is the first step of this the
geostatistical method here. And this equation you know once we know that A matrix into
W matrix is our B matrix. So, here what we can do we can multiply A inverse in both the
sides. So, A inverse into A ah becomes you know A inverse into ah A inverse into A ah
into W matrix becomes ah A inverse into B matrix B matrix yes. So, or we can write ah
you know W matrix equal to A inverse into

B matrix. Now, ah we we know how to calculate A matrix So, we can calculate ah what
can be the like what will be our A inverse matrix ah the only the question is what will be
our B matrix. So, this is our you know the question how how do you find it out which is ah
you know we we saw that the the B matrix is gamma new comma 1 gamma new comma 2
all the way up to gamma new comma 6. So, this is our ah you know the the ah the the B
matrix. So, once we know our B matrix ah we can calculate what is our W matrix. So, ah
because the we we do not know the you know ah grade at the new location ah we need ah
we need something called a variogram. to know our B matrix, what is this B matrix is. So,
before that actually you know like to explain what this variogram is, let us let us take the
example of you know our exploration data ah.
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Nugget

So, we we did borehole at different points and these dots here are representing the location
of the boreholes. and we know ah you know what what are the grades at these ah you know
borehole locations ah. For example, you know this is a point let us say this is p1 and this is



let us say point p2. So, in here ah you know we know the coordinate of p; ah and know the
coordinate of p2. Similarly, we know know the grade at p: and we know the grade at p.

So, once you know the grade and location, you can calculate what is the distance between
those 2 points which we call and the variance between the point P1 and P2 using the
previous equation that we have seen which is you know g1 minus g> whole square divided
by 2. So, once you know you know what is my distance let us say the distance h between
P1 and P2. So, you can find the distance h and maybe the corresponding you know gamma
value

So, the gamma is here, and this is for p1 and p.. The gamma is this; this is the value. So,
we can write it as gamma 1 2 here, and this is h 1 2 here. So, once you know this thing,
you can get the corresponding point or put this point here. So, this becomes our gamma
versus h plot for p1 and p2. So, when we do our investigation or exploration, and we know
the grade and the corresponding distance between the different points, what we can do is
take different combinations of h and the corresponding gamma h between different points
with different distances.

So, then put all those points, like we have put in black dots here, and try to fit them with a
curve. So, this curve can be a polygonal curve, which is a function of h. So, this can be, let
us say,

y=ah*+bh+c

where a, b, ¢ are the constants. So, these are the constants. Constants, and the gamma is
related to this.

So, once we know there is a relation between gamma and h, what we can do is... We can
take our unknown point or the new point, which has coordinates x, y, and if you want to
calculate gamma between, let us say, the new point and the first point, what you can do is
calculate the distance between them. And using the previous equation, which we saw,
gamma equals a h squared plus b h plus c, or some other kind of equation fitting those data
points, what we can do is... Get the distance between the new point and the p1 point, which
is known to us, and put it in this equation here to calculate what our gamma new versus 1
will be. So, similarly, we have different points, let us say p2, ps.



p4, all those points around we can calculate what is the corresponding value of that distance
between new point and the second point, new point and the third point, all the way up to
new point up to in the sixth point and calculate using the this equation here what will be
the corresponding value of the gamma and we can calculate you know what is our B matrix.
So once we know our A inverse, or A A matrix then we can calculate our A inverse matrix
and and from the previous slide we can we saw that how how to calculate this B matrix.
So, once you know A matrix into or you multiply A inverse into B that gives you you know
the W matrix that is this which which looks like this ah you know W 1 all the way up to W
6. So, this is up to w 6 because we have we have considered 6 point in the example.
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So, once you know A matrix into or you multiply A inverse into B that gives you you know the W matrix that is this which which looks like this ah you know W 1 all the way up to W 6.

So, ah now we know like you know what ah in in the previous case we saw that you know
the g new the grade at the new ah location is ah wi into g1 plus all the way up to we into ge.
But you know using this geostatistical method like you know if you calculate this w matrix
ah ideally this should be equal to 1, but you know then you change that it is not equal to 1.
So, what we do we add or error term here to this all the summation of this w ah plus some
error term is become 1. So, instead of you know using this ah let us say ah this equation
here ah which is let us say 3 ah we use another equation 4 ah where we add our term error
into ah g average where this g average equal to gi plus g2 plus all the way up to gs whole
divided by 6. So, the thing is you know your A matrix. you can calculate your A inverse
matrix, you can calculate what is your B matrix, you multiply A inverse and B ah you get
your W matrix and using the equation 4 here ah which is ah the in the bottom like you can
calculate ah the grade at new location.
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So, you know we have an example here instead of 6 points what | have considered here is
the 3 points p1, p2, p3. So, with the corresponding x and y coordinate here.

So, x is 45, 60 here. So, the first point p1 is, you know, here. With 45 comma 60, the second
point pz is here, which is 25, 50, and the third point is 70, 30. So, this is our ps. So, these
are the known points.

Or where we drilled our holes, and we know the coordinates and the corresponding grade.
So, the grade is written here: for the first point, the grade is 0.29; the second one is 0.12,
and the third one is 0.24. So, if we know these things, let us say this p unknown point is 50
comma 50, which is p new or p unknown. We can write it here, which is at this location
50, 50. So, the question is: what will be the grade new at this location, 50 comma 50? So,
for this, you know, what we can do is first calculate a matrix, which is called a distance
matrix, a 3 by 3 matrix.

And, you know, which says the distance between different points. So, the first term here is
h 0 comma 0. So, the distance between 0 and 0, which becomes 0. So, the second term is
the distance between the first point and the second point. So, which we can calculate as
22.4 from the previous coordinates.

Similarly, you can calculate h12> and h2: and all those points. So, this is the first step of this
kriging we can say. And once you know all these points, what we can do is calculate the A



matrix. And how do you calculate the A matrix? It is using the equation we get it from the
So, let us say one of the variogram equations is gamma h equal to

y(h)=—5x10 ~® -h 2 +2.2x10 ~* -h+0.04

So, in this case, if the variogram equation is this, we can put the different h values here
and get the corresponding value of the variance. So, once we put, let us say in this equation
to calculate the value 0.13, what we have done here is put the 49.2 values in this equation.
So, if you put it, it becomes 0.13. So, you put different values of h and you get the A matrix.

So, once you know your A matrix, what you can do is the second step: calculate the B
matrix. So, for the B matrix, what we do is calculate the distance matrix, the second
distance matrix, which says the first term here is we have 3 known points. So, p1, p2 and p3
and the middle point is, let us say, an unknown point which is 50, 50, So, here you calculate
what is the distance hs. So, this h; is here.

So, we know all the coordinates between for point t1 and the unknown point let us say t,
then you can calculate what is h1 and what is h2 and what is h3 using the formula that we
saw before the distance And, once you know again you can use the previous equation you
know which is a gamma is a function of h that that that equation and we put that equation
here and get the value of the variance between ah the new point and let us say this gamma
new and ah you know first point and similarly gamma new and second point gamma new
and the third point. So, we can calculate what is the B matrix here. So, once you know ah
you know how ah you calculate this B matrix ah using the distance and the the the um the
function between gamma h ah gamma and this ah h ah this the the B matrix, what you can
do is to calculate first thing is to from A matrix we can get the inverse of the matrix, where
you know if we if we do the inverse of A matrix will come this matrix which is here.

So, once we know the A inverse, then what we do is you know as we saw you know the B
matrix, we calculate as we explained in the previous slide. So, we multiply this A matrix
or A inverse matrix with our B matrix. So, if you ah A inverse into B becomes our W
matrix. So, if you just multiply this becomes you know this matrix here 0.62 ah and 0.11
and 0.25. So, this 0.62 is our W1 and this is our W2 and 0.25 our W3.

So, we know the corresponding value of our grade ah G1 and G2 and G3. So, you multiply
ah you know this wl into G1, w2 into G2 and w3 into G3 and add it ah. So, or or before
that actually you know like if you add it all all these weights w 1 plus w2 plus w3 it becomes
0.98 and it is say you know as we have seen w1l plus w2 plus w3 ideally should be equal



to 1, but this is not the 1 here and the error terms ah becomes 0 .02 here and if you add this
error it becomes 1 and using the equation that we have seen

G new=W 161 - +W2 -G2 +W3 -G3 + & (GC1+G2+G3)/3

So, if you do that you know this this whole thing is explained here. So, the unknown
location the grade becomes 0.26. So, here what we have what | have done is you know ah
from our borehole data first what you can do you can you know get the coordinates ah for
the variogram construction.

So, in h x axis we have h and y axis we have you know gamma. So, with for different value
of h from our borehole ah exploration we can calculate what is the corresponding ah you
know the gamma values ah. distance you just plot it here ah in in in this variogram plot and
get the average equation So, once you get the average equation the equation is written here.
So, once you know this ah equation you can ah multiply this equation with the distance
matrix as we saw in our previous slide ah to get first A matrix, then ah first then B matrix
get the A inverse matrix multiply with B matrix and get the corresponding weights.

And you can see you know like because in in this point ah in in this figure here point p1 is
very close to the unknown location. So, this is ah our unknown location p let us say this is
p3 and this is p2. So, because ah P1 is very close to p the corresponding weight ah we can
calculate we can see that it is it is giving highest weight and you know because this p2 is
little bit far away and you know pl is little bit hiding, p2 we have less grade here and p3
grade is 0.25 here. ah in the second example what | have shown is you know ah we we
have | have placed this p1, p2, p3 almost equally ah around this ah unknown point p here
or p new here.
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x y Grade 030
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So, in this case you can see the weights are almost the same. In the third example ah you
know what | have put here like the the coordinates change the coordinates. So, that you
know the p1 is here and p2 is you know just behind p1 and p3 is here and the unknown
location is the p new location is ah here again at 50 50. So, in this case you know p1 is
completely blocking you can say in the the point p2 .

So, you can see the and it is very close to to the unknown location. So, the weight that we
are getting for p1 is the highest and we are not almost getting 0 weight for p2 because you
know this is behind the point p1 and we are getting a weight of you know 0.27 for p3. So,
and once you know all these weights ah as we saw that you can multiply with the
corresponding grades here and get the you know the the ah value of the ah grade at
unknown location. So, this is just an example with 3 points ah. So, with some kind of
computer programming ah you know we can take many points ah and ah you know solve
this geostatistical problem.

So, this ends our ah lecture on this ah you know over reserve estimation.



