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Lecture 17
Tractive Effort and Slip of a Pneumatic Wheel

Hi everyone, this is professor H. Raheman from Agricultural and Food Engineering
Department, IIT Kharagpur, 1 welcome you all to this NPTEL online certification course on
Traction Engineering. This is lecture 17, where | will try to cover how to find out tractive

effort and slip of a pneumatic wheel, when | said it is a pneumatic wheel.

(Refer Slide Time: 0:53)

CONCEPTS COVERED

7 Tractive effort

7 Shear displacement

So, the obvious questions will come to our mind is, whether it is operated in rigid mode or
whether it is operated in elastic mode. So, now, the concepts which will be covered will be
tractive effort and shear displacement. As you know that tractive effort is related to shear

displacement hence, we will cover these two concepts with respect to pneumatic wheel.
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Tractive cffort of a pncumatic tyre l l

The tractive effort of a pneumatic tyre depends on its
mode of operation.

R
. i " A Rigid mode Elastic mode
If the ground is sufficiently soft and the sum of the inflation pressure p; :
and the pressure produced by the stiffness of the carcass, p, is greater
than the maximum pressure the terrain can support at the lowest point of
the tyre circumference, the tyre will remain round like a rigid wheel. This
is referred to as the rigid mode of operation.

If the terrain is firm and the sum of the tyre inflation pressure and the
pressure produced by the stiffness of the carcass is low, a portion of the
circumference of the tyre will be flattened. This condition is referred to as

Now, if we look at these two wheels, both are pneumatic wheels, but one is written as rigid
mode, the other one is written as elastic mode. The difference is when the pressure due to
carcass stiffness and pressure due to inflation of air or the air inflation pressure when the
summation is greater than the pressure which the terrain can support at the lowest point of the
tyre circumference then the tyre will remain like a rigid wheel. It will remain round like a

rigid wheel. So, that means, this will behave like a solid towed wheel or solid powered wheel.

Now, when the wheel is powered, it becomes powered wheel. So, now, our discussion will be
confined to powered wheel as we are interested in finding out tractive effort. Now, the second
option is elastic mode. Again, the inflation pressure and the pressure due to carcass stiffness,
if it is less than the pressure the terrain can support, then the tyre will be flattened at the
contact point. So, this condition is called elastic mode. So, these are the two conditions which
are shown in the right corner one is rigid, where the circumference of the tyre is perfectly

round. Whereas, in the second case, it is not round rather it is flattened at certain portion.

So, if it is in rigid mode, how to find out the tractive effort, if it is in the elastic mode, how to
find out the tractive effort that we will discuss separately.
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Rigid mode

Development of shear displacement along the wheel-soil
interface has to be determined for evaluating the relationship
between the tractive effort and slip of a pneumatic wheel
wheel.

Shear displacement developed along the contact area of a
rigid wheel is determined based on the analysis of the slip

velocity.
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w = Angular speed
r = rolling radius 2y
B = width of the wheel
V; = slip velocity
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Now, when it is in rigid mode as | said this will be equivalent to a powered rigid wheel and
for powered rigid wheel the main thing is tractive effort which we have already derived. So,
we will follow the same procedure. So, when we talk about tractive effort that means, what is
the shear stress which is developed? And shear stress is a function of shear displacement,
where it is developed? It is developed at the contact patch where the wheel is in contact with

the soil. So, this is the face where the shear stress will be developed.

Now, to find out shear stress, we should know what is the shear displacement? And to know
the shear displacement, we need to know what is the slip velocity? So, these are all
interlinked. So, what is slip velocity? Slip velocity is the difference between the theoretical
speed V: and the actual speed V. So, if you consider a point here as A, then at that point, the
theoretical speed will be Vi = or, if r is the rolling radius  is the angular speed, then Vi = or

and the actual velocity is V.

Now, if you take a tangential component here at the point A parallel to Vi then V will be, the

component will be Vcos6, because you have considered the point A at an angle theta. So,
Vi —Vcos@ = slip velocity, V;

So, you have to analyze this slip velocity how it is varying or from there, we will find out
what is the corresponding shear displacement and then try to correlate the shear stress with
shear displacement. Now, for finding out the shear displacement from the slip velocity, we
know that shear displacement will be equal to x x V;.



So, if | take this one

V; =V —Vcoso
| take Vi common then it becomes,
Veost
w15

VIVt is nothing but slip i. So, indirectly | can write that
Vi = V;(1 —icos8)
Vi = or. So,

Vi = wr(1— icosB)

Now, this is at the point A. Now, if you want to find out throughout the contact surface or

from the contact surface from A to the point where the wheel is just entering the soil, if you

denote it as B then this has to be integrated, okay. This has to be integrated from 6 to 6o.

So, by doing that we will finally develop equation for shear displacement,

j=7r[(6o—68) — (1 —i)(sinby — sinb)]

That means, displacement is a function of the entry angle 6o which is denoted here. Which is

shown in this figure and 6o is called the entry angle and 6 the point where we are interested.

Now, once we know the shear displacement next thing is how to correlate this shear

displacement with shear stress?
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Shear stress- shear displacement relationship (Loose sand, saturated clay and most of the distributed soifd

Here, T is the shear stress, j is the shear displacement, ¢ and @

i
T= Tyge(l-e T ) are the cohesion and the angle of internal shearing resistance of
=(c+otan@)(1-e /K)) the terrain, respectively, and K is the shear deformation
modulus.

Shear stress- sifear }isplacement relationship for organic terrain
7= 1 ( j/m/&p (1 - jIK) Here, K, is the shear displacement where the maxinium shear

SErCSS T, OcCurs.

Shear stress- shear deformation relationship for compact sand, and silt and loam
7= 7o K, {1+ [V(K(I = 1/e)) = 1] exp (1 - jIK))

(1 - exp (<jIK))
Tere, K., is the ratio of the residual shear stress 7, to the
maximum  shear stress T, and K., is the shear
displacement where the maximum shear stress 7,.,, oceurs.

So, in nature what we have observed is there are three different categories of relationship
available are found. One is related to loose soil, the other one loose soil or saturated clay and
in disturbed soil and the other one is in organic terrain, then the third one is in compact sand

silt and loam. So, these are the three relationships which we have discussed earlier and the

relationship in these three conditions like loose sand, saturated clay,

described as

T = Imm(l —e_ij)

Where, t is shear stress and tmax iS maximum shear stress. The maximum shear stress is

Tmax = € + atan@®

It is a function of cohesion. It is a function of angle of internal friction of soil and the normal

stress which is prevailing. So,

T=(c+ Ut&n@)(l - e_j/K)

Now, in case of organic terrain,

T = Tmax (Kj_) (el_j/KW)
w

So, this Ky is nothing but the shear displacement where the maximum shear stress occurs and

the third relationship is,



1 1-d =i
T= TmarKr |1+ — | Ewl|.|1 — ekw

k(1)

So, these are the three relationships available. So, now, depending on our soil condition we

have to select one relationship. Then once you select the relationship, next is how to find out
shear stress?
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Shear stress developed at the curved portion, 1(6) = Ty (1- e~llK)
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So, shear stress which will be developed at the curved portion will be equal to t. | have
indicated as 1(0) here. Because, from which angle we are going to what is the distribution of
shear stress that is important. So,

7(9) = T,nm(l — e‘-”K)
Now, again | replaced tau max. | have taken this for the loose sand or the saturated clay.

So, ctotang. Again o, ¢, | have taken as o(6), knowing we have to know the pressure
distribution, whether it is constant or it is varying. So, all those factors will come into picture.

Now, I replaced that displacement with the equation,

r[(8g — 8) — (1 — i)(sin8y — sinb)]

So, this will be the final expression for shear stress. But shear stress is not important what we
are interested is to find out the shear force.

So, in a solid wheel or rigid wheel, shear force will be equal to. So, these are the shear stress.

Now, | find out this shear force here. So, we have to multiply the area. So, areas we have



considered a point A so area of that elemental area, dA will be equal to if b is the width of the
wheel, dA = bxrdo.

Now, this has to be integrated. So, t<dA will give you thrust force. So, rxbt0d6, this will give
the shear force. But we are not interested about the shear force, we are interested in finding
out the thrust which is the horizontal component of shear stress, shear force which is

developed at the contact patch.

So, this is your F, this is your shear force. So, horizontal component will be Fcos6, sorry Fc =
FcosO. So, this has to be multiplied rbt8.d6. So, this has to be integrated from theta to theta 0
depending on in which area you are interested to find out the thrust force. So, this will be the
expression for finding out thrust in case of pneumatic wheel when it is behaving like a rigid

wheel that means, it is moving in a rigid mode.
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Elastic mode

In elastic mode a portion of the tyre circumference will be {lattened. The
shear displacement developed along curved portion, BC can be determined
in the same way as that is determined for a rigid wheel.

For the flat portion, AB the slip velocity is considered to be a constant
similar to that beneath a rigid track. The shear displacement increases
lincarly with slip of the tyrc i.

Jx=Jg thj

» -—

Jjx = Cumulative shear displacement at a distance x from point B
Jn = Shear displacement at point B.

jn =1l(8, - 8) - (1- i) (Sinf), — Sinf)]



Elastic mode

in the same way as that is determined for a rigid wheel.
For the flat portion, AB the slip velocity is considered to be a constant
similar to that beneath a rigid track. The shear displacement increases
lincarly with slip of the tyrc i.
Je=Js tdj

+

Jie = Cumulative shear displacement at a distance X [rom point B
Jp = Shear displacement at point B.

jn=1l(8, - 8) - (1- i) (Sinf), — Sinf)]

Where

i = slip of a track

w = angular speed

V = actual velocity of track

V, = theoretical speed of the track
V; = speed of slip of the track

Shear displacement, j at a point located at a distance
x from the font of the contact area = V; x t
Where, t is the contact time of the point with the

. X
terrain = —
v

. lev :
JZ—V =1XXx

This indicates that shear displacement bencath
the track increases linearly [rom the front to the
rear of the track contact arca.

Now the other mode is elastic mode. So, let us see now, what happens to the elastic mode if
part of the wheel will be flattened and another component will, which will be curved one.
That means, we have to consider the shear displacement along the flat portion, we have to
consider the shear displacement and the curved portion. So, | have differentiated or
demarcated, you can say the flat portion as AB and the curved portion as BC. Now, to find
out the shear displacement or shear stress on the flat portion, we need to know what is the

shear displacement in the flat portion?

And similarly, for finding out the shear stress on the curved portion, we have to find out what
is the shear displacement in the curved portion. So, if at B the total shear displacement is

denoted as jg and which is denoted a jg. And at a point suppose X, starting from point B. So, if



we are interested in finding out what is the displacement at this point? Then | have denoted
that as Aj, Aj.

So, total displacement up to point x will be jg+A j. So, this jx is nothing but the cumulative
shear displacement at a distance x from the point B. Now, we will consider two things one is
the curved portion the other one is the flat portion. Let us now see how do we develop this

shear stress in curved or flat portion?
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Where
i = slip of a track
w = angular speed

V = actual velocity of track
V, = theoretical speed of Ihe track
V, = speed of slip of the track

Shear displacement, j at a point located at a distance
x from the font of the contact area = V; X t
Where, tis the contact time of the point with the
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This indicates that shear displacement bencath
the track increases linearly from the front to the
rear of the track contact arca

i=jptdFjptil
=g t8 F Q L
Jir = Cumulative shear displacement at a distance x from point B

Ji = Shear displacement at point B.

=118, — 8) = (1=i) (Sinfl, — Sind)]|

Ajatx =ix

Ajatl =il

Let us come to the flat portion. So, basically, we want to find out the slip velocity. If the track
is moving at a velocity actual velocity V and V: is the theoretical speed of the track. Then Vi

V will give you, the speed of slip of the track if which is denoted as V;j. If this direction is



opposite to the direction of forward movement, then it is positive and then it is called slip. If

it is opposite to the theoretical the actual speed or direction of travel then it take as skid.

So, here the theoretical speed is nothing but wr, where o is the angular speed of the sprocket
or the driver which is driving the track and r is the rolling radius of that driver. Now, shear
displacement which is denoted as jx at a point located at a distance x from the frontal area of
the contact area, frontal portion of the contact area. So, that becomes, if you know the slip
velocity times t, then that will give you what is the shear displacement during that time. So,
Vix tand t = x/Vt.

So, t is the duration for which the track is in contact with the soil, the link is in contact with
the soil. So, now

Vv
shear displacement = I xx
t

==

= slip

So, it is basically slip into the distance from the front end of the track. Now, if you are in. So,
that means, the flat portion will behave like a track and the shear displacement will be
calculated or computed as we have followed for computing the shear displacement in case of

a track.

So, in a pneumatic wheel, we will consider that shear displacement in this flat portion would
be equal to ixx. Now, the total length, if we denote as L which is the contact length. So, if
this is the contact length then total displacement will be ixL. If you are interested up to this
point, then the distance you have to know. So, at x, it is written as ‘ix” and we have already
known that the displacement at point B because of the curved portion, this is the

displacement.

So, the total displacement will be again summation of jg+iL. Now, next thing is, only shear
displacement will not help you, we have to find out what is the shear stress which is

prevailing under the flat portion as well as on the curved portion?
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For curved portion

Shear stress developed at the curved portion, 1(6) = Ty, (1- e Ih/Ky
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For the flat portion

Shear stress developed at the flat portion, |

®.
1(8) = Tyax(1-e74%) = [c+a(8)tan@][1 - e™% |

Thrust force developed by the flat portion of the tyre,
Fy =bf, t(6)dx

—
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So, for the curved portion, again we have to find out what kind of soil is there? If it is a loose
soil, if it is a organic terrain or if it is a compact sand then we have three different kinds of
relationship available. So, based on that, we have to find out the relationship between shear
stress and shear displacement. So, in this case, | have taken the loose sand where,

7(0) = "L'max(l — e‘jB/K)
displacement on the curved portion divided by K, shear deformation modulus K.

Now, if you know the normal distribution then tmax | can write as c+ctané or,
£(8) = (c + o(0)tand) (1 _ 8(%[(89—8)—(1—5)(55?169—55?18)]))

So, 0o is entry angle, this is your 6o and 0 is here. That means corresponding to point B, the
angle is 6 from the vertical and corresponding to point C, the angle is 6o. So, now the

displacement I have replaced, js | have replaced with
jg = 1(6p —6) — (1 — i)(sinfy — sind)]
So, this will be the expression for shear stress.

Now, next thing is what is the shear force which is acting? So, shear force will be again
acting tangent to the surface, the contact surface, suppose at point p. Now, the shear force
will be equal to whatever shear stress we developed multiply with the area. Area will be

equal to rb.d0. So, this has to be integrated from 6 to 6o, from 0 to 6o. So, that will give you



the value of shear force and the cos component of that will be taken to find out the tractive

effort. So, tractive effort will be this rbxtx6xcos0.d6. This has to be integrated from 6 to 6.

So, that will finally give you what is the tractive effort. That means, now you have find out
tractive effort at this point because of the curved portion. Again, for the flat portion, we have
to find out the suitable relationship if it is a loose sand then again we take

7(0) = Imax(l - e_jx/K)

If you are interested to find out shear stress up to the point x from the front end of the flat

portion, then | replace tmax With c+o(0)tand and
7(8) = (c + a(8)tan®)(1 — e~ ¥/K)

So, | have replaced this jx with ix. Now, since we are interested for the total length, so, that

means, this will be equal to
7(8) = (c + a(8)tanp)(1 — e~ IV/K)

So, this will be equal to this, instead of x you can take I. Now, the thrust force developed will
be, this has to be integrated from this point to the endpoint that means from point B to the
point A. So, | have multiplied the area with the shear force. So, that means bxdx the area that

has to be integrated from 0 to |. So, this will give you thrust force for the flat portion.

So, now, the total thrust force will be the sum of the thrust force which is developed in the
curved portion, sum of the thrust, the thrust force which is developed at the flat portion. So,
this is the final expression. So, that means, up to this point we are considering. So, from here
to here, then from C to B and B to A. So, finally, the total thrust force will be rbxt(6)cos6.do.

This is to be integrated from theta to 6o plus bx into 0 to It6dx. This is the final expression.

So, what do we come to know that the important thing in case of a pneumatic wheel is what is
the mode of operation? Once you decide the mode of operation based on what is the pressure
which is exerted on the ground and the pressure the ground can sustain? Then we decide,
what is the mode of operation whether it is in rigid mode or whether it is in elastic mode. So,
once it is decided, then it becomes easier for us to find out the thrust force which is
developed. So, the procedure is first, if it is a rigid mode than first find out, because the soil
will behave like a rigid wheel without any deflection, then we have to follow the same

procedure what we followed for rigid wheel.



So, you have to find out the shear stress-shear displacement relationship. So, before that we
have to find out the shear displacement, taking slip velocity and from there, once you find out
the shear displacement then we have to select a suitable relationship depending on which soil
conditions the wheel is operated. Now, after getting the suitable relationship, then we find out
the shear stress which is developed and then the shear stress has to be multiplied with the
contact area knowing the width and radius, we can find out the contact area and this has to be

integrated for the portion which is inside the soil. So, that you can find out the thrust force.

If it is in elastic mode, then there will be two sections. Two sections in the sense, we have to
find out for two sections, one is the curved section the other one is the flat section. And the
curved section will follow the same way as you followed for the rigid wheel. And flat portion
we will follow the procedure which we followed for finding out the shear displacement in a

track.

Basically, it is linearly related, the shear displacement is linearly related to slip value and the
distance from the front end of the track. So, once it is decided the next thing is what is the
shear stress shear displacement relationship. Now, taking both shear stress-shear
displacement relationships we find out what is the shear stress. And then it has to be
multiplied the area to find out the shear force. So, in the curved portion, the shear force is
acting at an angle. So, the cos component that means horizontal component has to be found
out and then this has to be added with the flat portion to finally get the total tractive force

which is developed by a pneumatic wheel in elastic mode.

So, we need to know the relationship. The important things are we need to know the
relationship and the pressure distribution beneath the curved portion or beneath the flat

portion, then only it will be in a position to carry out this integration.
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In this lecture attempts are made to derive equations for predicting shear displacement and tractive

cffort for a pncumatic wheel when operated in rigid mode as well as clastic mode.

I hope | have clarified and | have made an attempt to clarify all these things and you will be
in a position to derive equations for predicting shear displacement and from there we can find

out what is the tractive effort of a pneumatic wheel. Thank you.



